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STRUCTURAL  DYNAMICS 


QUALIFICATION  BY  ANALYSIS  OF  IUS  PLUME  DEFLECTORS 


R.  F.  Hain 

Boeing  Aerospace  Company 
Seattle,  Washington 


INTRODUCTION 

Plume  deflectors  were  added  to  the  IUS  to  protect 
the  structure  from  the  Reaction  Control  System 
(RCS)  rocket  engine  plume.  Since  the  deflectors 
were  added  late  in  the  program,  it  was  necessary  to 
qualify  the  design  on  an  accelerated  schedule.  The 
deflectors  were  qualified  for  the  vibroacoustic 
environment  by  a  combination  of  test  and  analysis. 
This  paper  describes  the  vibroacoustic  test  and  the 
finite  element  analysis  used  to  qualify  the 
configurations  in  lieu  of  test. 

There  are  five  plume  deflectors  per  IUS  vehicle  (one 
under  each  pair  of  rocket  engine  nozzles  located  at 
0, 90, 180  and  270  degrees  around  the  vehicle,  with 
the  final  deflector  covering  the  batteries  located  or. 
the  Interstage)  and  two  different  configurations  of 
piume  deflectors,  one  for  the  T-34D/1US  configura¬ 
tion  and  one  for  the  STS/1US  configuration.  The 
STS/1U5  configuration  was  qualified  by  test  while 
theT-34DAUS  configuration  was  qualified  by 
analysis.  A  finite  element  (NASTRAN)  model  was 
built  for  the  T-34D  configuration  and  the  acoustic 
noise  environment  applied  using  the  frequency 
response  capability  of  NASTRAN.  The  T-34D  model 


results  were  compared  to  the  test  results  ot  tne  s  > 
model  qualification  test  responses  to  verify  the 
validity  of  the  model.  The  comparison  demonstra¬ 
ted  that  the  qualification  by  analysis  could  be 

accomplished  in  a  satisfactory  manner. 

It  was  vital  that  the  comparison  of  model 
predictions  to  test  data  show  that  the  model  was 
acting  in  the  proper  manner  to  consider  it  a  valid 
mode!  that  could  be  used  to  qualify  the  T-34D 
configuration  plume  deflectors  and  the  loads 
produced  by  them  on  the  support  stringers.  Two 
criteria  were  used  to  determine  how  well  the 
model  would  make  these  predictions:  (1)  it  must 
predict  the  fundamental  rescrant  frequency  of  the 
deflector  within  +15%;  and,  (2)  it  must  predict 
acceleration  response  ieveis  that  would  result  in 
conservative  displacements  at  all  locations  when 
compared  to  measured  response  levels.  When 
these  two  conditions  are  met,  then  the  stiffness  is 
correct,  deflections  are  conservat  ve  and  the  forces 
at  the  support  points  are  conservative. 

mode:  description 

The  model  of  the  deflector  at  the  IUS  90  degree 
location  is  presented  in  Figure  1  with  the  coordi- 
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nate  system  identified.  (Models  were  made  for  the 
deflector  at  270  degrees  as  well  as  for  the  one 
covering  the  batteries.)  Grid  points  are  also 
identified.  Views  from  the  x-,  y-  and  z-axes  are 
presented  in  Figures  2  through  4.  The  piume 
deflector  is  attached  to  the  stringers  of  the 
Equipment  Support  Section  (ESS)  of  the  IUS  at  the 
ends  of  the  support  structure  shown  schematically 
in  Figure  5.  The  model  was  made  up  of  NASTRAN 
plate  elements  (CQUAD4,  CQUAD8,  and  CTRIA3) 
with  bars  to  represent  the  supports.  Instrumenta¬ 
tion  locations  are  also  shown  in  Figure  5. 

The  plume  deflectors  are  made  of  Rene  51  steel 
with  Young's  Modulus  equal  to  (29  x  106  psi  = 

1.31  x  105  MPA).  Structural  damping  was  used  in 
the  model.  The  damping  forces  are  dependent  on 
the  frequency  because  NASTRAN  calculates 
damping  forces  as  a  ratio  of  the  stiffness  matrix. 

This  frequency  dependence  of  the  damping  forces 
results  in  conservative  loads  and  displacements.  A 
structural  damping  value  of  0.02  (Q  =  50)  was  used 
for  the  analysis. 

TEST  AND  ANAL  YSIS  RESUL  TS 

The  plume  deflectors  were  installed  on  an  ills 
vehicle  used  for  structural  test  (designated 
Pathfinder  Test  Vehicle  C  (PTV-C)).  They  were 
then  subjected  to  the  145  dB  acoustic  excitation 
shown  in  Figure  6.  This  was  followed  by  an  acoustic 
excitation  of  151  dB  for  qualification.  The  145  dB 
acoustic  excitation  was  then  repeated  without  the 
deflectors  attached  to  the  test  vehicle.  Compar¬ 
isons  of  test  data  from  the  two  145  dB  tests  were 
made  to  determine  the  effects  of  the  plume 
deflectors.  The  comparison  showed  some  slight 
increases  in  vibration  levels  below  400  Hz  and 
reductions  above  400  Hz.  These  variations  are 
ascribed  to  deflector  resonant  frequencies  and 
mass  damping  effects  of  the  deflectors  respectively. 

Model  predictions  were  made  at  the  same  locations 
that  were  instrumented  during  the  acoustic  noise 
test.  Mode  shapes  and  frequencies  were  checked 
first  and  the  model  adjusted  to  agree  with  test 
data.  A  145  db  acoustic  pressure  loading  was  then 


applied  to  the  model  using  the  frequency  response 
capabilities  of  NASTRAN.  The  loading  was  applied 
from  20  Hz  to  2000  Hz.  The  PSD  values  were 
reduced  by  30%  below  150  Hz  to  account  for  the 
effect  of  simultaneous  loading  of  both  sides  of  the 
shield. 

The  model  predicted  the  first  mode  resonant 
frequencies  at  the  measurement  points  within  the 
required  15%  of  test  results  except  at  one  point  on 
the  edge  of  the  deflector.  The  exception  is  on  a 
portion  of  the  deflector  that  is  bent  at  a  large  angle 
to  the  rest  of  the  deflector.  The  flexibility  at  this 
point  is  influenced  by  the  inelastic  behavior  of  the 
bend  line.  The  NASTRAN  frequency  response 
solution  assumes  that  the  interaction  of  the  plate 
elements  used  in  the  model  is  completely  elastic. 
The  inelastic  response  at  this  point  results  in  a 
stiffer  structure.  However,  the  predicted 
displacements  were  conservative  at  all  points. 

A  comparison  of  the  first  resonant  response 
frequencies  measured  during  test  with  the 
NASTRAN  predictions  is  presented  in  Table  1.  A 
comparison  of  3o  peak  displacements  is  presented 
in  Table  2.  The  frequency  predictions  are  within 
the  15%  tolerance  of  the  test  values  at  all  locations 
except  for  accelerometer  location  204R  (see  Figure 
5).  This  exception  is  due  to  the  inelastic  behavior 
already  described.  The  displacement  predictions 
from  NASTRAN  were  all  greater  than  the  test 
results  at  all  locations. 


CONCLUSIONS 

The  model  verification  showed  that  the  support 
forces  and  plume  deflector  structural  deflections 
could  be  conservatively  predicted  using  a  NASTRAN 
finite  element  model.  The  resonant  modes 
affected  by  inelastic  stiffness,  such  as  along  a 
folded  plate  bend  line,  can  not  be  predicted  by  a 
NASTRAN  finite  element  model  because  NASTRAN 
treats  the  mode!  as  completely  elastic.  Testing  is 
recommended  if  information  is  needed  on  this 
condition. 
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TABLE  1 

COMPARISON  OF  FIRST  RESONANT  RESPONSE  FREQUENCIES 


NASTRAN 
GRID  POINT 

P7V-CACC 

LOCATION 

FIRST  RESONANT  RESPONSE  FREQ. 

NASTRAN 

PTV-C  <jj 

%  DIFFERENCE 

31 

201R 

104 

120 

14.3% 

4 

202R 

115 

120 

4.4% 

4 

219R 

115 

120 

4.4% 

2 

203R 

105 

110 

4.8% 

1 

204R 

96 

70 

27.1% 

1  NOTE:  Frequency  is  accurate  to  within  only  ±5Hz  since  PSD  analysis  was  conducted 
with  a  10  Hz  bandwidth  at  10  Hz  increments. 


TABLE  2 

COMPARISON  OF  3  SIGMA  PEAK  DISPLACEMENTS 


— 

NASTRAN 
GRID  POINT 

r  ...  - 

PTV-C  ACC 
LOCATION 

3  SIGMA  PEAK  DISPLACEMENT  - 
CM  (INCHES) 

NASTRAN 

PTV-C 

ACGUST'C  TEST 

31 

201R 

0.145  (0.057) 

0.018  (0.046) 

4 

202R 

0.216  (0.085) 

0.016  (0.041) 

4 

219R 

0.216  (0.085) 

0.018  (0.046) 

2 

203R 

0.438  (0.19) 

0.017  (0.043) 

1 

204R 

0.838  (0.33) 

0.03  (0.076) 
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Fitpjre  1.  IUS-2  RCS  Plume  Shield  at 900  Instrumentation 
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ANALYSIS  OF  REINFORCED  CONCRETE  STRUCTURES  UNDER  THE  EFFECTS 
OF  LOCALIZED  DETONATIONS 


T.  Krauthammer 

Department  of  Civil  and  Mineral  Engineering, 
University  of  Minnesota 
Minneapolis,  Minnesota 


A  modified  analytical  method  is  proposed  for  studying  the 
behavior  of  reinforced  concrete  structural  elements  under  the 
effects  of  localized  detonations.  In  this  approach  the  combined 
effects  of  flexure,  shear,  and  axial  forces  are  considered  for 
the  development  of  accurate  resistance  functions  which  represent 
the  structural  response.  These  functions  are  then  introduced  into 
s ingle -degree- of -freedom  computations  by  which  the  dynamic  re¬ 
sponse  is  assessed.  The  computational  procedure  employs  explicit 
relationships  between  structural  mechanisms  for  evaluating 
structural  element  behavior  at  any  stage  of  existence.  Based  on 
this  approach  it  was  possible  to  study  the  contributions  of 
longitudinal  and  transverse  reinforcement,  material  properties, 
support  and  loading  conditions,  and  to  correlate  these  parameters 
with  observed  behavior. 


INTRODUCTION 

One  of  the  most  interesting  and  diffi¬ 
cult  area  in  structural  engineering  is  the 
design  and  assessment  of  structures  for 
resisting  detonation  effects.  This  field  of 
research  has  been  developing  quite  rapidly 
since  the  end  of  WWII,  and  significant  gains 
were  made  in  understanding  the  relationships 
between  the  various  physical  parameters  of 
the  problem  and  the  observed  structural 
response.  Also,  it  is  important  to  dis¬ 
tinguish  between  effects  that  could  be 
associated  with  conventional  detonations  and 
those  which  may  result  from  nuclear 
explosions,  as  discussed  in  a  previous 
publication  ('*).  The  present  paper  is  aimed 
to  present  a  direct  approach  tor  the  analyses 
of  reinforced  concrete  structural  elements 
under  the  effects  of  localized  loads,  such  as 
those  that  could  be  associated  with  typical 
conventional  explosives.  The  general  approach 
for  simplified  analyses  of  such  structures 
was  presented  and  discussed  previously  (1. 
and  2],  and  therefore,  no  extensive  discus¬ 
sions  on  these  issues  will  be  presented  here. 
Never toeless,  several  important  items  must  be 
studied  in  order  for  preparing  the-  requir°d 
ingredients  for  the  numerical  approach,  such 
as  the  development  of  reliable  structural 
resistance  functions,  incorporating  accurate 
load  -  time  histories,  and  providing  rational 
definitions  for  structural  performance. 


There  are  significant  difficulties  in 
the  derivation  of  accurate  and  well  under¬ 
stood  loading  functions  which  can  represent 
the  effects  associated  with  conventional 
detonations.  This  is  a  result  of  the  fact 
that  the  environment  created  by  a  detonation 
is  so  severe  that  it  is  very  difficult  to 
measure  the  effects  in  the  zone  close  to  the 
source  Nevertheless,  important  information 
is  available  from  which  researchers  can 
obtain  good  estimates  of  such  effects,  as 
discussed  in  |1J.  Also,  the  work  of  other 
investigators  on  detonation  effects  provided 
important  contributions  in  this  field  [3-7], 
and  engineers  can  derive  reliable  load-time 
histories  for  detonations  in  air,  soil,  and 
liquids.  Once  the  general  pressure-time 
relationship  is  obtained  (It  is  important  to 
note  that  such  relationships  may  include  the 
effects  of  fragment  impact,  etc.  that  would 
be  translated  into  equivalent  pressure),  the 
analyst  must  transform  it  to  the  structure 
under  consideration,  and  include  the  spatial 
nature  of  the  environment.  This  final  step  in 
the  derivation  of  the  loading  function  is 
also  not  simple,  and  one  needs  to  resort  to 
simplified  assumptions,  for  example  as 
proposed  in  (1J.  Similarly,  the  analyst  must 
derive  reliable  and  accurate  structural 
models  which  would  be  included  in  the 
analysis.  Following  the  approach  proposed  in 
{1,  and  2),  where  it  was  shown  that  it  was 
possible  to  simulate  complicated  structural 
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systems  by  single-degree-of-freedom  (SDOF) 
models,  it  was  decided  to  extend  that  method 
for  the  analysis  of  reinforced  concrete  frame 
structures.  The  main  issue  at  this  point  was 
the  derivation  of  structural  resistance 
functions  that  would  be  accurate,  but  simple 
for  incorporation  into  SDOF  analyses. 

Analysis  of  reinforced  concrete 
structural  elements  would  primarily  depend  on 
not  only  the  models  that  describe  the 
d  terial  behavior,  but  also  on  assumptions 
w  th  regards  to  structural  behavior  and  the 
numerical  procedure  which  is  used  to  perform 
the  analysis.  The  derivation  of  structural 
behavior  models  for  reinforced  concrete  slabs 
was  discussed  extensively  in  [1,  and  2],  and 
therefore,  the  main  emphasis  of  this  paper 
will  be  on  the  development  of  similar 
relationships  for  beams  and  columns.  Various 
material  models  for  plain  concrete,  confined 
concrete,  and  steel  reinforcement  have  been 
proposed  in  the  literature  [10-14]  that  can 
be  employed  for  this  purpose,  and  evaluation 
of  experimental  results  reported  in  the 
literature  indicated  that  several  of  these 
material  models  provided  very  good  results. 

In  addition,  new  formulations  are  proposed  to 
account  for  the  direct  influence  of  trans¬ 
verse  reinforcement  on  the  ultimate  strength 
of  the  structural  member,  combined  with  the 
effect  of  axial  compressive  i-rce  on  the 
load-deformation  behavior  of  the  structural 
element  and  are  incorporated  into  the  present 
approach.  The  numerical  model  is  subsequently 
applied  to  a  number  of  cases  that  have  been 
studied  experimentally  (15-17)  in  order  for 
obtaining  valuable  comparisons  between 
analytical  and  experimental  data. 

The  present  study  is  an  extension  of  a 
previous  effort  in  which  a  similar  approach 
was  adopted  for  structural  behavior  in  the 
static  domain  [11];  however,  several  signifi¬ 
cant  improved  procedures,  and  behavioral 
models  were  incorporated  in  the  present 
approach  which  resulted  in  a  considerably 
more  fundamental  treatment  of  reinforced 
concrete  analysis.  The  ultimate  goal  of  the 
present  study  is  to  develop  a  straightforward 
procedure  for  the  analysis  of  reinforced 
concrete  structural  systems  under  severe 
dynamic  localized  loads,  and  the  present 
paper  is  aimed  to  address  the  development  of 
structural  resistance  relationships  (i.e., 
load-deformation)  that  would  be  employed  for 
performing  dynamic  analyses. 

FLEXURAL  RESISTANCE  RELATIONSHIPS 

The  procedure  proposed  for  deriving 
flexural  resistance  relationships  of 
reinforced  concrete  beam- type  structural 
elements  is  similar  to  those  previously 
presented  in  [10-12],  and  is  based  on  the 
following  assumptions; 


1.  Strains  have  a  linear  distribution  over 
the  beam  cross  section  (plane  sections 
before  bending  remain  plane  after 
bending) . 

2.  Tensile  strength  of  concrete  below  the 
neutral  axis  is  ignored,  and 

3.  The  stress-strain  relationships  for  steel 
and  concrete  are  known. 

The  analytical  procedure  that  follows  is 
quite  straightforward.  For  an  arbitrary 
linear  distribution  of  strain,  a  location  of 
the  neutral  axis  is  assumed  and  the  com¬ 
pression  zone  of  the  cross  section  is  divided 
into  a  number  of  layers  parallel  to  the 
neutral  axis,  as  shown  in  Figure  1.  Using  the 
first  assumption  with  specific  stress-strain 
relationships  for  steel,  unconfined  (e.g. 
cover),  and  confined  (e.g.  core)  concrete, 
the  stresses  and  forces  can  be  determined  for 
all  layers  of  concrete  and  longitudinal 
reinforcement.  It  is  required  that  the 
computed  forces  in  the  cross-section  satisfy 
equilibrium,  as  defined  by  Equation  (1). 
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ES3  Confined  ioncrett 
23  Unconfintd  Concrete 

1- Compretehrti  reinforcement 

2- Ten*ile  reinforcement 

3- Hoop 

FIGURE  1  BEAM  CROSS-SECTION 


«.sl.i  -  £<C=  +  C>>t  (1) 

in  which  £Ti  is  the  sum  of  all  tensile  forces 
in  the  cross-section,  Psxi,l  is  the  ex¬ 
ternally  applied  thrust  (this  term  exists  in 
cases  that  a  known  compressive  force  acts  on 
the  cross-section),  J(Cc)1  is  the  sum  of  all 
compressive  forces  in  the  concrete,  and 
£(C  )j  is  the  sum  of  all  compressive  forces 
in  the  steel. 
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If  equilibrium  is  noc  satisfied,  an 
iterative  procedure  will  begin  for  a  new 
location  of  the  neutral  axis  until  equi¬ 
librium  is  obtained,  and  then  moment  and 
curvature  are  computed.  The  entire  procedure 
is  repeated  for  other  strain  distributions 
until  the  ultimate  capacity  is  reached.  As 
mentioned  ea-lier,  such  a  numerical  procedure 
requires  an  accurate  description  of  the 
material  models.  The  stress  strain  relation¬ 
ship  for  confined  concrete  in  the  compression 
zone  that  was  used  in  this  study  was  pre¬ 
viously  employed  in  [11 J  for  representing  the 
behavior  of  confined  concrete  in  beams ,  or 
beam-columns  while  the  stress-strain  rela¬ 
tionship  for  the  unconfined  concrete  (the 
concrete  cover)  is  similar  to  the  idealized 
stress  strain  curve  for  concrete  under 
uniaxial  compression  as  proposed  in  [13],  The 
stresses  in  the  layers  of  concrete  cover  will 
he  computed  using  the  unconfined  stress - 
strain  relationship  while  the  stresses  for 
the  confined  concrete  layers  are  computed 
with  the  confined  stress-strain  model.  The 
material  behavior  of  the  longitudinal  tensile 
and  compressive  reinforcement  is  identical  to 
that  discussed  by  Park  and  Paulay  [10],  and 
later  used  in  [11]. 

The  computation  of  a  complete  moment 
curvature  diagram  requires  a  clear  definition 
of  material  failure.  In  the  present  study  the 
structural  response  was  allowed  to  develop 
beyond  the  yielding  of  reinforcement  since 
the  behavior  of  the  structures  under 
consideration  included  the  contribution  of 
post-yield  effects.  As  a  result  it  was 
required  to  employ  complete  stress-strain 
relationships  for  the  materials  describing 
the  behavior  up  to  the  material  failure.  For 
lightly  to  moderately  under reinforced  beams 
(i.e.,  beams  for  which  the  tensile  rein¬ 
forcement  ratio  is  less  than  half  the 
balanced  ratio) ,  failure  would  be  reached 
when  the  tensile  reinforcement  reaches  its 
fracture  strain,  or  when  concrete  reaches  its 
ultimate  compressive  strain,  whichever  occur 
first,  A  distinction  between  overreinforced 
and  under reinforced  beams  would  further 
require  a  definition  of  the  balanced  amount 
of  reinforcement  within  the  flexural  model. 

In  the  present  study  pb  was  defined  as  the 
amount  of  longitudinal  tensile  reinforcement 
necessary  for  obtaining  equilibrium  such  that 
the  strain  of  the  tensile  steel  has  just 
reached  yield  while  the  concrete  strain  at 
the  extreme  compression  fiber  is  at  0.004. 

The  ultimate  compressive  strain  of 
concrete,  c,„  ,  was  defined  here  as  the 
strain  beyond  which  the  unconfined  concrete 
crushes  (for  unconfined  concrete  of  moderate 
strength,  f'c  between  3000  to  5000  psi)  ceu 
was  taken  as  0.004,  as  discussed  in  [11].  For 
the  concrete  confined  by  rectangular  hoops, 
ceu  can  be  defined  according  to  previous 
studies  by  Corley  [17],  and  by  Mattock  [18] 
that  provided  lower  bounds  for  their  experi¬ 
mental  data  base.  Accordingly,  it  was  decided 


to  adopt  and  to  modify  the  approach  proposed 
in  [18]  for  reflecting  the  current  assump¬ 
tions,  as  follows. 


0.004  +  0.02  (— )  +  0.27  (— ) 


in  which  Lt  is  the  distance  from  the  critical 
section  to  the  point  of  cortraflexure,  b  is 
the  cross-section  width,  and  pc  is  the  ratio 
of  the  volume  of  confining  reinforcement 
(transverse  and  compressive)  to  Che  volume  of 
confined  concrete.  The  value  0.004  replaced 
the  original  assumption  of  0.003.  and  the 
constant  0.27 {p/p")  replaced  a  previous  value 
of  0.2,  where  p  and  p' are  the  tensile  and  the 
ccmpressive  reinforcement  ratios,  respec¬ 
tively.  Also,  it  was  assumed  that  if  the 
strain  at  the  mid-height  of  the  confined 
concrete  zone  of  the  cross  section  exceeded 
the  ultimate  strain  of  confined  concrete, 
before  the  tensile  reinforcement  reached  its 
rupture  strain,  a  compression  failure  in 
concrete  would  take  place,  and  the  compu¬ 
tation  was  terminated.  Otherwise,  if  the 
tensile  reinforcement  reached  its  ultimate 
strain,  a  tension  controlled  failure  was 
assumed. 

Flexural  analysis  of  heavily  reinforced 
(l.S  p/pb  >0.5)  and  overreinforced  (p/pb  >1.) 
beams  of  Ref.  [16]  that  were  examined  using 
the  present  analytical  model  indicated  that 
the  neutral  axis  continued  to  move  deeper 
into  the  section  and  eventually  exceeded  the 
effective  depth  of  the  section  This 
situation  always  occurred  during  softening 
after  the  peak  moment  was  reached,  and  since 
no  experimental  information  for  the  softening 
part  was  available  (i.e.,  the  reported 
experimental  data  were  only  up  to  the  peak 
resisting  moment) ,  the  peak  moment  was  chosen 
as  the  ultimate  flexural  resistance  on  the 
moment -curvature  diagram  for  these  beams. 

EFFECT  OF  SHEAR  OH  FLEXURAL  RESISTANCE 

Despite  the  tremendous  amount  of  re¬ 
search  that  has  been  devoted  to  the  influence 
of  shear  on  the  performance  of  reinforced 
concrete  beams,  there  remain  considerable 
uncertainties  about  the  nature  of  the 
corresponding  failure  mechanism  and  the 
estimation  of  the  failure  load.  Generally,  it 
is  well  understood  that  the  sc  called  "shear 
failure"  in  reinforced  concrete  beams  i;-  a 
result  of  flexure,  shear,  and  axial  force 
acting  simultaneously.  A  failure  of  this  kind 
is  usually  brittle  and  it  occurs  before  the 
structure  reaches  its  ultimate  flexural 
capacity.  In  order  to  understand  the  problem 
associated  with  the  influence  of  shear  on  the 
flexural  behavior  of  reinforced  concrete 
beams,  the  effect  of  shear  must  be  first 
examined  for  beams  without  web  reinforcement 
and  then  extended  to  beams  with  shear 
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reinforcement. 

Reams  without  Web  Reinforcement 

Experimental  results  [19,20]  indicated 
that  vhen  all  other  parameters  were  kept 
constant,  the  ratio  of  the  ultimate  moment 
with  shear  Influence  to  the  ultimate  moment 
without  the  shear  influence  (Ha/Hfl)  for 
simply  supported  beams  clearly  is  a  function 
of  p  and  a/d,  and  tills  ratio  was  defined  in 
[11]  as  the  shear  reduction  factor  (SRF). 
Those  results  indicated  that  the  flexural 
capacity  of  reinforced  coucrete  beams  with 
certain  combinations  of  p  and  a/d  in  the 
ranges  of  0.65  £  p  £  2.8%  and  1  <  a/d  <  7 
did  not  fully  develop.  Also,  it  was  observed 
in  [11]  that  regardless  of  the  amount  of 
tensile  reinforcement,  the  minimum  value  of 
that  ratio,  (Ma/Htl)a,  occurred  in  the  range 
of  2  <  a/d  <  3,  and  there  was  no  shear 
reduction  for  beams  with  a/d  larger  than 
seven  or  smaller  than  one,  as  shown  in  Figure 
2.  Moreover,  the  minimum  moment  capacity  line 
was  assumed  to  comprise  of  three  linear 
segments  parallel  to  the  o  axis,  as  shown 
below. 


*/« 

FIGURE  2  MOMENT  -  SHEAR  INTERACTION 


0  <  p  <  0.65»  : 

(— )„  -  1.0  (3. a) 

*11 

0.65%  <  p  <  1.88%  : 

(— )_  -  1.0  -  36.6  (p  -  0.0065)  (3.b) 


1.88%  <  p  <  2.80%  : 

( - ).  -  0.6  (3.c) 

In  addition,  by  assuming  a  straight  line 
relationship  between  the  moment  capacity 
ratio  and  the  a/d  of  the  beam  cn  both  sides 
of  the  minimum  moment  capacity  line  (Figure 
2),  the  following  expressions  which  define 
the  moment  capacity  ratio  for  a  specific  a/d 
was  proposed  [11]: 


For  deep  beams  (1.  <  a/d  <  2.5) 

H„  Mu  (a/d)  -  ?1 

( - )  -  1.0  +  {( - ).  -  1.0]  - 

Htl  Mtl  (a/d)*  -  Px 

(A.  a) 

For  slender  beams  (2.5  <  a/d  <  7.) 


H„  (a/d)  -  P3 

( - )  -  1.0  +  [( - )m  -  1.0]  - 

Mfx  Mfl  (a/d)*  -  P3 


(A.b) 

where  (a/d>*  is  the  span  to  depth  ratio 
corresponding  to  the  minimum  moment  capacity 
line,  point  P3  In  Figure  2,  Px  is  the  shear 
span  to  the  effective  depth  ratio  below  whi^h 
there  is  no  reduction  in  the  moment  capacity, 
and  similarly  P3  is  the  a/d  beyond  which 
there  is  no  loss  of  flexural  capacity  (in 
[11]  it  was  assumed  to  be  constant  at  a/d-7). 
Here  however,  from  additional  numerical 
evaluation  of  experimental  results  in  [11], 

P3  may  be  approximated  by  the  following 
expressions: 


p  fc  1.88%  : 


P3  -  7  (5. a) 

0.65%  S  p  £  1.88%  : 

P3  -  7  +  365. 9(p  -  0.0188)  (5.b) 

For  overreinforced  sections,  shear  would 
not  have  the  same  influence  on  reducing  the 
moment  capacity  as  for  underreinforced  cases. 
In  an  overreinforced  beam,  the  concrete 
compressive  zone  is  considerably  larger  at 
ultimate,  causing  a  more  effective  aggregate 
interlocking  mechanism,  and  as  result  the 
inclined  flexure  shear  cracks  do  not 
propagate  as  extensively  as  they  would  in  an 
under reinforced  beam.  This  phenomenon  was 
accounted  for  in  this  study  by  introducing 
the  overreinforcing  factor  (ORF)  defined  as 
follows : 


ORF  - 


1. 


(6. a) 


P  *  P  b 

and 

P  >  pb  :  ORF  -  p/pb  (6.b) 

where  p  and  pb  were  defined  earlier.  The  ORF 
is  subsequently  applied  to  the  minimum  moment 
capacity  ratio,  as  obtained  from  Eqs.  (3),  in 
the  following  manner. 

M  H 

(— )B  -  (— )„  *  ORF  <  1  (7) 

M£1  M£1 


experimental  data  for  the  27  rectangular 
slender  beams  used  for  the  derivation  of  the 
following  formulation  were  gathered  from 
previous  studies  [14,16,22,  and  23 j.  These 
beams  were  also  loaded  by  either  a  single 
concentrated  load  at  their  midspan  or  two 
concentrated  loads  at  quarter  span  points. 
When  the  variable  p\/a/d  for  these  beams  was 
plotted  against  the  angle  of  the  diagonal 
compression  strut  at  ultimate,  the  following 
linear  relationship  was  obtained. 

a  -  3.06(p*  /a/d  )  +  7.22  (10) 


Beams  with  Web  Reinforcement 

The  interaction  between  web  rein¬ 
forcement  and  the  flexural  capacity  of  a  beam 
has  been  the  subject  of  various  analytical 
models,  as  discussed  in  [10].  Perhaps  the 
most  accepted  analytical  method  for 
predicting  the  shear  capacity  of  a  reinforced 
concrete  beam  is  the  truss  mechanism  analogy. 
The  truss  analogy  is  based  on  the  assumption 
that  stirrups  act  like  tension  members,  and 
the  concrete  compressive  struts  act  like 
diagonal  compression  members  in  the  web  of 
the  analogous  truss  with  an  angle  or  between 
the  concrete  compressive  strut  and  the 
positive  longitudinal  axis  of  the  beam,  as 
defined  in  [10].  Based  on  this  information  it 
was  decided  here  to  employ  a  reasonable 
amount  of  experimental  data  for  developing 
relationships  that  would  represent  the 
effects  of  beam  properties,  including  shear 
reinforcement,  on  the  angle  o.  Three  such 
relationships  were  obtained,  as  follows. 

X.  Deep  beams  (1  <  a/d  S  2,5);  The  model 
that  is  proposed  for  deep  beams  is  based  on 
experimental  results  from  a  study  by  Clark 
[21],  in  which  the  beams  were  loaded  by  a 
single  concentrated  load  at  their  midspan  or 
by  two  single  concentrated  loads  at  their 
quarter  span  points.  A  parameter  p  is 
defined  as  follows: 


(6) 


where  f'e  is  the  compressive  strength  of 
concrete  and  pm ,  f  ■  wore  previously 
defined  herein.  When  the  product  o  che 
variables  p*  and  a/d  were  plotted  against  the 
angle  of  the  compression  strut  for  27  beams, 
the  following  linear  relationship  was 
derived. 


o  -  2.72  p*  (a/d)  +  4.08  (9) 

The  scatter  between  data  for  the  27  points  on 
the  plot  is  not  large,  resulting  in  a 
statistical  correlation  coefficient  of  0.91. 


Again,  the  scatter  between  the  27  points 
about  the  best  fitted  line  was  small, 
reflecting  in  a  correlation  coefficient  of 
approximately  0.99. 

TTI.  T  beams:  Here  the  data  was  obtained  from 
Refs.  [22,  and  24]  in  which  tests  on  29  T 
beams  loaded  by  a  single  force  at  midspand 
were  rep  -ted.  For  these  cases  the  following 
relationship  was  derived. 

a  -  1.63  (p*  /a/d  )  +  9.55  (11) 

In  this  case  the  correlation  coefficient  was 
0.98. 


Eqs.  (9-11)  represent  the  influence  of 
material  properties  and  the  amount  of  shear 
reinforcement  on  the  angle  of  the  diagonal 
compression  strut  at  failure.  This  relation¬ 
ship  is  illustrated  in  Figure  2  by  shifting 
the  minimum  point  P2  upward  to  a  new  point 
P'2,  and  according  to  the  following 
expression: 


+  [1.0 
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*  tan  a 

(12) 


where,  (Ha/Mtl)’0  is  the  new  value  of  the 
minimum  moment  capacity  due  to  the  influence 
of  transverse  reinforcement  ar.d  it  replaces 
the  old  value  of  (Hu/M£l)n  in  Eqs.  (4).  It  is 
important  to  note  that  the  relationship 
proposed  in  [11]  was  based  on  the  definition 
of  the  shear  crack  inclination,  while  here  it 
is  based  on  the  truss  analogy.  Also,  in  [11] 
the  parameter  cot  a  was  employed  to  represent 
the  shear  reinforcement  contribution.  Once 
Eqs.  (4)  are  modified  for  the  effect  of  web 
reinforcement,  it  is  possible  to  represent 
the  influence  of  shear  on  the  flexural 
capacity  by  the  SRF.  It  is  also  proposed  here 
to  divide  all  computed  curvatures,  from  zero 
to  the  ultimate,  by  the  SRF,  and  thus,  to 
compute  the  modified  moment-curvature  (H  -  £) 
diagram  that  includes  shear  effects  on 
strength  and  deformation. 


If  an  external  compressive  force  is 
applied  to  the  structural  member  (such  as 
from  pre-,  or  post-tensioning) ,  it  is  known 


(10]  that  as  long  as  the  magnitude  of  the 
axial  compressive  load  is  below  the  balance 
point,  the  moment  capacity  of  the  cross 
section  will  be  enhanced,  and  this  domain  of 
behavior  was  of  interest  in  the  present 
investigation.  Furthermore,  the  effect  of 
axial  force  on  reinforced  concrete  beams  is 
an  Increase  in  the  strength  obtained  directly 
from  the  equilibrium  requirement,  Eq.  (1), 
and  no  special  provisions  need  to  be  included 
for  chat  in  the  present  approach. 

Special  Considerations 

1.  Formation  and  development  oc  plastic 
hinges:  Experimental  observation  from  Refs. 
(14-16]  indicate  that  the  failure  of  a  beam 
subjected  to  concentrated  loads  seems  to 
occur  over  a  finite  length  in  the  vicinity  of 
the  maximum  moment.  Thus,  the  formation  and 
development  of  a  hinge  requires  special 
attention,  and  the  following  assumptions  have 
been  used  in  this  study  for  representing  the 
influence  of  hinge  formation  on  the  behavior 
of  the  beam. 

a.  If  the  peak  moment,  Mp .  is  less  than  the 
yield  moment,  M  ,  the  beam  will  be  assumed  to 
behave  elastically. 

b.  When  the  center  moment  exceeds  the  yield 
moment,  a  hinge  begins  to  develop.  The 
length  of  the  hinge,  Lp.  is  defined  as  the 
distance  between  the  location  of  the  yield 
moment,  ,  and  tne  point  of  the  peak  moment, 
M  .  The  curvature  ever  the  length  of  the 
plastic  hinge  will  be  assumed  constant  and 
equal  to  the  magnitude  of  the  curvature 
corresponding  to  Mp. 

c.  As  the  load  increases,  the  length  of  the 
plastic  hinge  increases  and  may  reach  the 
full  length  of  the  plastic  hinge  denoted  by 
Lp  based  on  the  model  proposed  in  { 1 7 j . 

d.  For  beams  with  an  axial  compressive 
force,  damage  is  more  extensive  near  the 
point  of  the  maximum  moment  at  advanced 
stages  of  loading.  In  the  present  model,  this 
was  accounted  for  by  Increasing  the  maximum 
length  of  the  plastic  hinge,  and  it  is 
proposed  chat  the  maximum  length  of  the 
plastic  hinge  be  modified  according  to  the 
following  expression. 


where  A  is  defined  as 

A  -  1  -  -  (14) 

Pb  is  the  thrust  at  balanced  condition, 
and  L  is  the  maximum  possible  length  of  the 
plastic  hinge  when  an  axial  force  is  also 
present. 


A  central  parameter  for  dynamic  SDOF 
analyses  is  the  resistance  iunction  which 
defines  the  relationship  between  load  and 
deflection.  Therefore,  the  method  described 
here  for  the  derivation  of  a  moment-curvature 
relationship  had  to  be  carried  further  in 
order  to  derive  the  required  resistance 
function.  All  the  beam-columns  that  were 
analyzed  in  this  pnase  of  the  study  were 
simply  supported  and  loaded  with  3  single 
concentrated  load  at  their  midspan,  but  the 
numerical  approach  that  was  developed  can  be 
applied  for  the  analysis  of  beams  having  any 
combination  of  support  conditions,  and  loaded 
with  concentrated  forces  at  any  point  along 
their  span.  A  brief  outline  of  the  procedure 
for  computing  the  load-deflection 
relationship  from  a  moment-curvature 
relationship  is  presented  next. 

1.  Consider  any  point  on  the  M  -  d  diagram. 

• 

2.  Assume  that  the  moment  K4  occurs  at  the 
point  of  the  maximum  moment  (i.e.,  in  the 
case  of  a  single  load  at  sidspan  this 
point  is  at  the  center  of  the  bean) . 

3.  Compute  the  lateral  concentrated  load  Qt 
corresponding  to  the  moment  H, ; 

4.  Obtain  the  moment  diagram  corresponding  to 
the  load  Qt  . 

5.  Obtain  the  curvature  diagram  for  the 
entire  span  by  using  the  moment  diagram  in 
conjunction  with  the  H  -  <S  diagram. 

6.  Compute  the  corresponding  deflection  by 
numerical  integration  of  the  curvature 
diagram  over  the  span  of  the  beam.  This 
will  give  the  deflection  A4  . 

7.  Repeat  the  above  steps  for  all  points  on 
the  M  -  ^  diagram  for  obtaining  s  complete 
load-deflection  (Q  -  A)  relationship. 

DYNAHIC  ANALYSIS 

For  dynamic  SDOF  analyses  it  is  required 
that  an  equivalent  mass,  a  resistance 
function,  and  damping  effects  be  defined  as 
accurately  as  possible.  In  the  preceding 
sections  a  detailed  discussion  was  presented 
or.  the  derivation  of  a  rational  resistance 
function,  however,  some  modifications  need  to 
be  introduced  for  including  dynamic  rata 
effects  on  the  material  properties.  The 
simplest  approach  is  to  include  a  dynamic 
enhancement  factor,  on  the  order  of  abo'-t 
30t,  which  would  provide  a  reasonable 
estimate  of  such  effects,  as  discussed 
other  publications  on  the  this  and  relate 
subjects  (1-3] .  Obviously,  the  analyst  can 
choose  a  more  accurate  approach  provided  that 
his  knowledge  of  all  other  parameters  is  of 
equal  quality.  Regarding  the  dynamic  analysis 
that  follows,  the  approach  outlined  in  (1,2) 
was  adopted  here,  and  chat  was  due  to  the 
fact  that  the  previous  results  from  the 
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analysts  of  reinforced  concrete  slabs  were 
judged  to  be  very  good.  The  dynamic  SDOF 
method  is  well  known,  the  specific  informa¬ 
tion  on  the  present  approach  is  available  for 
further  reference  (1,2).  and  therefore,  no 
additional  details  on  it  are  presented  here. 
In  general,  the  various  parameters  are 
provided  to  the  SDOF  code,  and  the  equation 
of  motion  is  solved  for  deriving  the  system’s 
response  to  the  given  loading  conditions.  The 
corresponding  results  are  then  presented  in 
graphical  and  numerical  forms  from  which  the 
analyst  can  assess  the  systen  under  consider¬ 
ation.  The  following  discussion  contains 
detailed  examples  on  the  approach,  and  the 
corresponding  results. 

EXAMPLES  AND  DISCUSSION 

In  order  to  demonstrate  the  application 
of  the  present  analytical  approach  and  the 
accuracy  of  the  numerical  results  the 
procedure  was  employed  initially  for  the 
analysis  of  29  beams  and  beam-columns  in  the 
static  domain,  and  the  results  were  compared 
with  test  data  for  the  same  structural 
elements.  After  the  method  was  refined  and 
verified  to  be  accurate  it  was  employed  for 
obtaining  their  corresponding  dynamic  load- 
deflection  relationships,  and  those  were 
introduced  Into  the  SDOF  code  for  studying 
their  dynamic  responses. 


Numerical  results  at  the  ultimate 
condition  for  the  nine  beams  of  Ref.  [14] 
indicated  that  the  present  procedure  is  quite 
effective  in  that  the  mean  ultimate  computed 
load  for  the  nine  beams  at  failure  vas  within 
3%  from  the  mean  experinental  failure  load, 
with  a  standard  deviation  of  0.04.  Moreover, 
the  ratio  of  the  average  computed  midspan 
deflection  to  the  measured  deflection,  just 
before  collapse,  was  1.02  with  a  standard 
deviation  of  only  0.1,  indicating  that  the 
present  approach  for  the  computation  of  the 
deflection  at  the  ultimate  curvature  provides 
good  results.  But,  the  degree  of  variability 
for  the  computed  deflections  was  larger  than 
that  for  the  ultimate  loads. 

From  the  results  for  eleven  beams  with 
axial  forces  [15]  it  was  observed  that  on  the 
average,  the  ratios  of  the  computed  to  the 
measured  values  for  moments  and  deflections 
at  failure  were  1.04  and  1.11  respectively. 
Comparing  the  analytical  results  of  members 
in  this  group  with  beams  of  Ref.  [14],  it  was 
noticed  that  the  variability  for  the  mean 
ratio  of  the  computed  ultimate  deflection  to 
the  measured  ultimate  deflection  was  higher 
when  axial  forces  were  present.  Nevertheless, 
the  procedure  was  still  effective  in  that  it 
could  provide  satisfactory  results  for 
obtaining  the  entire  moment-deflection 
behavior  up  to  failure. 


The  nine  beams  of  Ref.  [16]  had  rela¬ 
tively  small  amounts  of  shear  reinforcement 
and  a  high  ratio  of  high  strength  tensile 
reinforcement.  In  fact,  as  indicated  in  Ref. 
[15],  a  number  of  the  beams  were  overrein¬ 
forced,  and  this  was  the  reason  for  very 
little  ductility  exhibited  by  these  beans. 

It  was  noticed  that  the  proposed  behavioral 
model  for  the  effect  of  shear  in  reducing  the 
ultimate  flexural  capacity  and  the  proposed 
model  for  the  behavior  of  overreinforced 
beans  at  failure  is  quite  effective.  The 
mean  ratio  of  the  computed  ultimate  load  to 
the  measured  failure  load  for  this  group  was 
0.97  with  a  standard  deviation  of  0.08,  and 
the  average  computed  deflection  for  the  nine 
beams  at  failure  was  only  1%  less  than  the 
average  of  the  experimental  deflection 
values,  with  a  standard  deviation  of  0.09. 

Tv- ''•“more,  the  analytical  load-deflection 
curves  for  these  nine  cases  were  again  very 
close  to  the  experimental  behavior  for  all 
stage  of  loading. 

For  the  29  cases  studied  here.  The  mean 
ratio  of  the  ultimate  computed  load  to  the 
ultimate  measured  load  vas  1.02  with  a 
deviation  of  about  8%.  The  mean  ratio  of 
ultimate  computed  deflection  to  the  ultimate 
measured  deflection  (just  before  collapse  of 
the  member)  was  1.05  with  a  deviation  of  20t. 
The  complete  load  deflection  relationships 
for  beam  J8  is  shown  in  Figure  3,  and  the 
experimental  points  which  are  marked  on  these 
figures  were  obtained  from  data  in  [14] 
Again,  It  is  noticed  that  the  present 
approach  seems  to  simulate  the  experimental 
behavior  quite  accurately. 


IN. 


FIJURE  3  LOAD  -  DEFLECTION  BEAM  J8 


In  order  to  further  demonstrate  the 
effectiveness  of  the  procedure  with  an 
example,  the  static  test  on  bean  J8  was 
simulated  by  using  the  dynamic  SDOF  approach. 
The  ultimate  experimental  load  for  this  beam 
was  recorded  as  27.0  kips,  and  the  numerical 
goal  vas  to  obtain  the  central  deflection 


from  the  dynamic  analysis  for  a  load  of  26.0 
kips  that  would  be  compared  to  the  corres¬ 
ponding  experimental  data.  The  resistance 
function  employed  in  the  dynamic  analysis  was 
the  analytical  load-deflection  curve  obtained 
earlier  (see  Fig.  3).  The  forcing  function 
increased  linearly  from  zero  to  a  maximum  of 
26.0  kips  in  0.45  seconds,  and  it  was 
sustained  on  the  beam  at  that  value.  h i s 
choice  for  the  loading  function  did  not 
require  updating  the  resistance  function  for 
rate  effects,  and  the  numerical  solution  for 
the  midspan  deflection  is  shown  in  Figure  4. 
It  can  be  seen  that  after  sufficient  time  has 
lapsed,  the  displacement  at  the  center  of  the 
beam  converged  to  a  value  of  approximately 
6.8  inches  under  the  sustained  lead  of  26.0 
kips,  which  is  virtually  identical  to  the 
experimental  value  reported  in  (14J. 


nut  sec 

FIGURE  4  STATIC  TEST  SIMULATION 


Dynamic  Response 


The  present  approach  was  employed  for 
the  analysis  of  the  same  beams  under  the 
effects  of  dynamic  loads  which  were  assumed 
to  be  localized,  and  to  have  a  triangular 
time  history.  It  should  be  clear  from  the 
outset  that  no  experimental  data  were 
available  on  the  response  of  these  structures 
to  concentrated  dynamic  loads,  and  therefore, 
it  Is  not  known  whether  the  results  obtained 
from  this  approach  are  accurate.  Neverthe¬ 
less,  based  on  previous  results  in  which  a 
similar  approach  was  employed  for  the 
analyses  of  reinforced  concrete  slabs  under 
uniformly  distributed,  or  localized  dynamic 
loads  [1,2]  it  is  anticipated  chat  the 
results  obtained  in  this  study  would  be  of 
similar  quality.  Also,  it  was  shown  in  the 
preceding  section  that  the  method  is  quite 
accurate  for  simulating  static,  and  slow 
dynamic  structural  responses.  However,  it  is 
clear  that  the  present  methods  needs  to  be 
further  verified,  and  such  an  effort  is 
presently  underway  at  the  University  of 
Minnesota. 


For  illustration  purposes  the  dynamic 
analysis  of  beam  J8  [14]  is  presented  here. 
The  loading  function  was  a  triangular  pulse 
with  an  instantaneous  peak  of  70  kips  which 
varied  linearly  to  zero  at  12  ms.  and  it  was 
based  on  the  data  presented  in  [1]  for  the 
detonation  effects  of  9.c  kg  TNT  charges  at 
various  distances  from  a  given  structure. 
Those  pressure -time  histories  were  applied  to 
the  loaded  areas  of  the  present  structures, 
thus  translating  the  pressure  pulse  into  an 
equivalent  force  pulse.  The  displacement, 
velocity,  and  acceleration  time  histories  are 
shown  in  Figures  5  through  7.  respectively. 
The  assumptions  made  for  the  structural 
response  under  load  reversals  were  similar  to 
those  derived  in  [1,2]  for  the  direct  shear 
model,  and  the  general  character  of  the 
results  obtained  in  this  study  seem  to  be 
quite  rational,  as  compared  to  observed 
dynamic  responses. 


FI CUKE  5  DYNAMIC  DISPLACEMENT  -  TIME  HISTORY 


FIGURE  6  DYNAMIC  VELOCITY  -  TIME  HISTORY 
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FIGURE  7  DYNAMIC  ACCELERATION  -  TIME  HISTORY 


CONCLUSIONS 

An  analytical  method  is  presented  for 
the  assessment  of  reinforced  concrete  beams 
under  localized  dynamic  conditions  that  could 
be  associated  with  conventional  detonations. 
The  results  obtained  for  the  structural 
responses  in  the  static  and  slow- rate  dynamic 
domains  were  quite  accurate,  as  compared  to 
experimental  data.  The  response  under 
simulated  detonation  effects  seems  to  be 
within  the  anticipated  range  of  structural 
behavior,  but  additional  verification  is 
required.  The  present  approach  com;  laments 
the  methods  proposed  previously  for  the 
assessment  of  box- type  structures  under 
nuclear,  or  conventional  detonation  effects. 
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REINFORCED  CONCRETE  ARCHES  UNDER  3 LAST  AND  SHOCK  ENVIRONMENTS 
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Experimental  results  that  were  obtained  from  laboratory  and 
field  test  of  shallows  buried  reinforced  concrete  arches  over  a 
period  of  about  thirty  years  were  combined  for  the  development  of 
behavior  models  which  accurately  describe  the  response  of  these 
structures.  Based  on  such  development  a  simple  analytical 
approach  was  adopted  and  employed  for  the  analysis  of  several 
cases  for  which  adequate  experimental  data  were  available,  and 
the  analytical  results  were  found  to  be  reasonably  accurate.  The 
present  approach  is  a  preliminary  step  in  the  development  of  a 
comprehensive  numerical  procedure  for  the  assesssent  of  such 
structures. 


INTRODUCTION 

One  of  the  most  efficient  types  of  structures 
used  for  protection  from  detonation  effects 
is  the  reinforced  concrete  arch  in  which  the 
loads  are  transferred  through  the  curve 
geometry  into  the  foundations.  Under  certain 
conditions  the  state  of  stress  in  the  arch 
would  be  compressive,  while  it  is  possible 
that  other  loading  conditions  would  induce 
flexural  nodes  of  response.  The  loading 
environments  under  which  these  structures  are 
expected  to  perform  result  fro a  the  detona¬ 
tion  of  explosive  devices,  either  nuclear  or 
conventional.  In  both  cases  the  generated 
pressure- time  histories  are  characterized  by 
a  short  rise  time  to  a  high  peak  followed  by 
an  exponential  decay  to  zero  pressure 
(typically,  a  negative  pressure  phase  exists 
after  that  point  which  eventually  also 
diminishes,  but  in  this  paper  only  the 
positive  pressure  phase  will  be  considered). 
The  duration  of  these  pulses  is  generally 
measured  In  tenths  of  seconds  for  nuclear 
detonations,  while  conventional  weapons 
produce  cuch  shorter  pulses.  Naturally, 
structural  designers  need  to  analyze  either 
existing  systems  or  proposed  designs  in  order 
to  assess  their  expected  performance  under 
specified  conditions.  This  requirement  leads 
to  the  Initiation  of  theoretical  and  experi¬ 
mental  studies  for  the  development  of  an 
understanding  of  structural  behavior,  and  its 
relationship  with  structural  properties  and 
loading  conditions.  The  developments  that 
occurred  over  the  last  30  years  with  respect 
to  deriving  reliable  methods  for  the  analysis 


of  shallow-buried  reinforced  concrete  arches 
under  explosive  loading  conditions  are 
presented  next,  followed  by  the  introduction 
of  a  simplified  numerical  model  for  their 
assessment. 

BACKGROUND 

The  field  of  blast-  and  shock- induced 
structural  behavior  can  be  separated  into  two 
principal  system  categories:  the  first,  under 
the  influence  of  nuclear  detonations  while 
the  second  relates  to  the  effects  of  con¬ 
ventional  explosives.  In  this  paper  the 
emphasis  will  be  on  structural  behavior  under 
loads  which  may  arise  from  nuclear  detona¬ 
tions  where  the  entire  structural  system  is 
loaded,  while  under  conventional  explosive 
effects  the  structural  response  is  rather 
localized  to  the  vicinity  of  the  detonation. 

A  description  of  such  localized  effects  was 
presented  by  Kiger  and  Albritton  (1),  and  it 
can  be  compared  to  the  performance  of 
hardened  structures  under  nuclear  detona¬ 
tions,  as  further  discussed  in  this  section. 

Early  studies  on  the  effects  of  nuclear 
blast  on  underground  structures  provided  a 
recommended  design  procedure  for  such 
facilities  (2,31.  A  static  design  for  the 
peak  values  of  the  expected  loads  was  the 
first  step  in  the  procedure,  and  based  on  the 
preliminary  design  one  could  proportion  the 
structural  members.  The  following  step  was 
to  estimate  the  natural  period  of  each 
member,  and  to  compare  those  values  to  the 
rise  time  of  the  applied  load.  If  the  ratio 
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of  the  rise  time  to  the  natural  period  was 
greater  than  about  3,  the  structural  desigi. 
was  assumed  to  be  adequate.  However,  if  the 
ratio  was  smaller  than  about  3,  a  dynamic 
design  method  was  required.  A  simple  dynamic 
analysis  could  be  performed  by  applying  a 
triangular  pulse,  that  simulated  Che  load,  to 
a  single-degree-of-freedom  (SDOF)  system 
which  represented  the  structure.  From  the 
dynamic  analysis  the  resistance  of  the 
members  was  evaluated,  and  compared  to  the 
resistance  of  the  structural  members  obtained 
from  the  preliminary  design.  The  procedure 
was  iterative,  proceeding  until  the  analyti¬ 
cal  values  and  the  values  from  the  prelimi¬ 
nary  approach  were  reasonably  close.  Similar 
approaches  were  recommended  also  in  later 
publications  (4).  As  for  the  material 
properties  under  dynamic  loading  conditions, 
an  increase  of  about  25*  was  recommended  for 
both  the  yield  strength  of  steel  and 
compressive  strength  of  concrete. 

Arch- type  structures  have  been  studies 
by  a  number  of  investigators  under  the 
possible  effects  of  nuclear  detonations. 
Flathau  et  al.  [5],  and  Grubaugh  et  al.  (6] 
studied  arch  and  dome  structures  by  full 
scale  experiments  under  nuclear  detonation 
effects.  In  those  tests,  buried,  underground 
reinforced  concrete  arch  structures  were 
subjected  to  airblast- induced  ground  shock 
resulting  from  a  nuclear  detonation.  Kennedy 
[7-9]  studied  the  same  type  of  structures 
under  simulated  environments,  but  primarily 
on  small  scaled  systems.  Balsara  [10] 
studied  four  aluminum  semicircular  fixed-end 
buried  in  dense,  dry  sand  at  a  depth  of 
burial  of  one-half  an  arch  diameter  and 
tested  dynamically.  The  maximum  surface, 
airblast  overpressure  was  300  psi  (2.06  HPa) 
(positive  duration  about  600  msec)  which 
caused  damage.  This  study  showed  that  it  was 
possible  to  successfully  scale  the  response, 
and  of  buried  model  arches  in  the  so-called 
inelastic  range  of  response.  The  buckles 
formed  at  the  springline  highlighting  Che 
fact  that  this  was  the  zone  of  higher 
moments.  The  distribution  of  the  interface 
stress  was  not  measured  but  apparently  was 
the  same  for  the  models  tested.  Another 
simulation  study  was  reported  by  McGrath  [11] 
while  Palacios  and  Kennedy  [12]  reported 
results  from  a  test  under  simulated  condi¬ 
tions  similar  to  the  real  conditions  as 
reported  in  Refs.  [5,6).  In  that  test,  a 
500- ton  surface  burst  provided  the  loading 
environment,  and  two  types  concrete  arches 
were  tested. 

Heyer  and  Flathau  (13)  studied  the 
response  of  small  scale  unreinforced  concrete 
arches  under  simulated  nuclear  blast  effects 
in  the  laboratory,  and  Tener  (14)  correlated 
experimental  studies  with  empirical  observa¬ 
tions  to  form  a  generalized  description  of 
buried  arch  behavior  under  dynamic  loading 
conditions.  Flathau  [15)  proposed  a  modified 
approach  for  the  design  of  buried  arches  and 


cylinders  which  seems  to  assure  a  desired 
performance.  Nevertheless,  the  behavior  of 
these  systems  is  not  simple,  and  several 
attempts  were  made  to  derive  analytical 
techniques  for  accurately  describing  their 
performance  (16).  Lioner  et  al.  [17) 
compiled  information  on  previous  twenty 
experimental  studies  in  which  arch- type 
structures  were  tested,  and  they  presented 
that  summary  in  tabular  form  for  descriptions 
of  specimens,  loading  conditions,  type  of 
soil  backfill,  observed  behavior,  and 
comments  on  the  study. 

It  was  concluded  from  sensitivity  calcu¬ 
lations  that  the  most  sensitive  property  was 
the  compressive  strength  of  concrete,  which 
was  also  observed  in  previous  studies  [13]. 
From  studying  test  results  it  was  indicated 
that  the  response  of  a  buried  arch  to  a 
traveling  airblast  load  can  be  characterized 
adequately  with  four  modes:  rigid  body 
motion,  uniform  compression,  symmetric 
bending,  and  asymmetric  bending.  The  con¬ 
sensus  in  the  literature  was  that  collapse 
was  due  to  response  in  the  hoop  and  symmetric 
bending  modes.  This  is  not  unreasonable  when 
considering  the  stiffening  effect  of  the 
surrounding  soil  coupled  with  the  angle  of 
the  air- induced  ground  with  the  ground 
surface,  especially  as  the  surface  over¬ 
pressure  increases.  Wong  and  Richardson  [18) 
studied  the  response  of  these  systems  under 
dynamic  soil-structure  interaction  condi¬ 
tions,  and  proposed  various  transfer 
functions  for  explaining  the  observed 
behavior.  The  data  in  Ref.  [1/]  combined 
with  information  from  other  sources,  as 
discussed  previously  herein,  can  be  used  to 
form,  at  least,  a  qualitative  description  of 
arch- type  structures  under  explosive  loads. 
Some  of  these  sources  (3,4)  have  been  used  in 
the  past  for  the  assessment  and  the  design  of 
structural  systems,  including  arches,  to 
resist  detonation  effects.  In  those 
publications  one  can  find  simple  procedures 
that  the  designers  and  experimentalists  can 
employ  for  evaluating  the  anticipated 
response  of  test  structures. 

One  of  the  main  problems  with  many  of 
the  earlier  studies,  as  were  briefly 
described  hare,  was  the  lack  of  adequate 
experimental  data  for  arch  performance  under 
controlled  conditions  from  which  one  could 
derive  rational  behavioral  models  for 
studying  the  effects  of  several  design 
parameters  on  the  response  of  shallow-buried 
reinforced  concrete  arches  under  simulated 
nuclear  blast  and  shock  environments.  These 
conclusions  le-‘  to  the  requirement  for  a 
controlled  study,  as  described  in  Refs.  [19- 
221. 
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EXPERIMENTAL  OBSERVATIONS 


Information  fron  previous  studies  can  be 
compiled  to  provide  adequate  qualitative 
descriptions  of  the  expected  system  behavior, 
and  from  such  models  one  could  develop 
simplified  behavioral  models  to  be  incor¬ 
porated  into  reliable  numerical  procedures. 


Consider  the  sequential  structural 
response,  as  illustrated  in  Figure  1.  As  the 
oblique  ground  shock  loads  the  structure  one 
may  observe  an  asymmetric  bending  mode, 
including  side-sway  (b) ,  combinations  of  the 
compressive  mode  and  the  first  symmetric 
flexural  modes  (c.) ,  and  finally  the  damaged 
structure  at  (d) .  The  dynamic  loads  that 
produce  structural  response  are  therefore 
expected  to  cause  specific  damage,  as 
illustrated  in  Figure  2.  One  would  expect 
longitudinal  cracks  in  the  floor  slab  with  a 
possibility  of  shear  failure  at  the  arch¬ 
floor  connection  (that  possibility  would 
increase  for  certain  thick  floor  slabs  where 
the  flexural  response  is  limited) ,  flexural 
hinges  in  the  arch  at  about  mid-height 
represented  by  well  defined  longitudinal 
cracks  along  the  arch,  and  also  a  hinge  with 
some  longitudinal  cracks  at  the  arch  crown. 
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FIGURE  1  STRUCTURAL  RESPONSES 


These  results  have  been  observed  experi¬ 
mentally  in  several  studies,  for  example  as 
reported  in  (5). 
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FIGURE  2  STRUCTURAL  DAHACE  [11] 


One  of  the  earlier  studies  on  the 
behavior  and  response  of  small  scale 
unreinforced  concrete  arches  provided 
important  information  on  the  relationship 
between  surface  overpressure  and  crown 
deflection  in  the  static  and  tv>  dynamic 
domains  of  behavior  [13]. 


A  series  of  static  and  dynamic  tests 
were  conducted  to  determine  the  responf'  of 
unreinforced  concrete,  fixed-end  arches  of 
different  stiffnesses  buried  in  dense,  dry 
sand.  It  was  hypothesized  in  previous  work 
that  a  buried  arch  would  respond  in  some  type 
of  bending-compression  mode  where  the  com¬ 
bination  of  moment  and  thrust  at  a  critical 
arch  section  will  result  ir.  a  compression¬ 
bending  type  fallure:  i.e.  failure  would 
occur  in  the  compression  region  of  the 
failure  envelope  formed  by  a  moment-thrust 
interaction  diagram.  If  this  was  true,  then 
steel  would  not  be  needed  as  bending  would 
not  play  a  dominant  role  in  resisting  load. 
Pertinent  properties  for  the  three  arches 
were  as  follows:  Outside  radius  -  6  inches 
(152  ma);  Arch  thicknesses  -  1/2,  1,  and  2 
inches  (12.7,25.4,  end  51  mm);  Stiffness, 
EI/R3  -  66,  600,  and  6400  psi  (0.45,4.13,  and 
44.1  MPa);  Concrete  compression  strength, 
fe’  »  1200  to  1500  psi  (8.3  to  10.3  MPa);  and 
the  Depth  of  soil  cover  -  2  inches  (51  mm). 
Purposely  a  very  iow  concrete  compressive 
strength  was  used  to  create  "weak*  struc¬ 
tures.  However ,  only  the  1/2 -inch  arch 
loaded  statically  collapsed  at  ground  surface 
overpressure  of  150  psi  (1.03  MPa).  In 
general,  the  modes  of  response  for  the 
structures  tested  statically  and  dynamically 
were  the  same,  as  illustrated  by  the  sequence 
of  structural  response  in  Figure  3. 


The  confinement  provided  by  the 
surrounding  soil  was  sufficient  to  force,  the 
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FIGURE  3  DAMAGE  SEQUENCE  [13] 


burled  arch  to  accept  load  efficiently,  i.e. 
the  arch-soil  system  seeks  a  comoresslve 
loading  in  the  most  efficient  way  that  an 
arch  can  accept  load.  This  is  one  of  the  few 
test  series  where  a  collapse  of  a  buried  arch 
has  been  observed,  and  where  static  load- 
deflection  relationships  were  recorded.  It 
became  clear  that  a  better  understanding  was 
needed  on  how  load  is  transferred  to  a  buried 
structure,  including  the  effects  of  soil 
arching.  In  addition,  the  need  for 
describing  a  realistic  resistance- function 
(i.e.  load-deflection  relationship)  was 
implied. 

The  measured  crown  deflections  plotted 
against  overpressure  are  shown  in  Figure  4 
for  the  static  cases,  and  in  Figure  5  for  the 
structures  loaded  dynamically.  From  the 
static  tests  it  was  observed  chat  the 
deflection  of  the  1/2-inch  arch  was  greatest 
for  the  same  overpressures,  and  the  deflec¬ 
tion  of  the  2 -inch  arch  was  the  least  at  any 
level  of  pressure.  The  deflections  of  the 
two  different  1-inch-chlck  arches  tested 
agreed  well,  the  preliminary  static  test 
arch,  which  showed  somewhat  loss  deflection, 
was  made  of  somewhat  stronger  concrete  than 
the  1-inch-thlck  arch  of  the  principal  static 
test.  Taking  these  curves  as  indications  of 
the  downward  deflections  of  the  outside  of 
the  arches,  it  is  expected  that  active  soil 
arching  (reduction  of  the  vertical  load  on 
the  structure  due  to  the  structural  defor¬ 
mation)  would  be  most  likely  to  occur  dui ing 
the  loading  of  the  1/2- inch  arch  and  least 
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FIGURE  4  STATIC  RESISTANCE  [13 ) 


FIGURE  5  DYNAMIC  RESISTANCE  [13  ] 


likely  to  occur  during  loading  of  the  2 -inch- 
thick  arch. 

The  crown  deflections  for  the  initial 
dynamic  loadings  of  the  1/2-  and  1-inch  thick 
arches  are  shown  in  Figure  5.  Because  the 
frequency  of  the  record  for  the  2  inch  arch 
approached  that  of  the  mechanical  measuring 
system,  the  probe  probably  did  not  remain  in 
contact  with  the  arch  crown,  and  the  investi¬ 
gators  had  to  ignore  the  corresponding  data, 
for  the  1/2-  am.  1-inch-thick  arches  the  rise 
times  for  the  deflection  records  were  all 
well  below  the  natural  frequency  of  the 
recording  system,  and  it  can  be  seen  that  the 
1/2-inch  arch  in  test  D-0.5,  loading  3-R/3, 
continued  to  deflect  considerably  after  the 
peak  value  of  overpressure  was  attained, 
indicating  that  the  arch  underwent  con- 
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siderable  inelastic  response.  The  deflection 
of  the  1  inch  (25.4  mm)  thick  arch  showed  no 
increase  in  deflection  after  the  peak 
overpressure  was  attained,  indicating  that 
the  pressure  was  not  sufficient  to  cause 
inelastic  response  of  the  structure.  However, 
based  on  the  authors'  assessment  of  the  daca 
this  figure  does  indicate  that  an  over¬ 
pressure  slightly  greater  than  250  psi  (1.72 
MPa)  could  drive  the  arch  into  inelastic 
response  if  the  duration  of  the  load  was  long 
enough.  ' 

Those  findings,  as  illustrated  in 
Figures  4  and  5  contain  significant  insight 
on  the  behavior  of  such  systems.  In  the 
static  domain  (see  Figure  4)  the  load 
deflection  relationships  seem  to  be  smooth 
and  quite  nonlinear,  and  in  the  dynamic 
domain  (see  Figure  5)  such  nonlinearities  are 
even  more  visible.  Another  important 
behavioral  aspect  that  is  noticed  from  these 
results  is  the  fact  that  arches  with  higher 
radius  to  wall  thickness  ratios  (R/t)  will  in 
general  exhibit  a  lower  load  resistance  and  a 
higher  degree  of  ductility. 

Field  Arch  Tests 

The  arches  tested  under  field  conditions 
were  divided  into  three  groups  based  on 
structural  type  and  detailing,  and  were  named 
KBM,  KED,  and  DAT- 3,  respectively,  and  their 
general  design  specifications  are  presented 
with  the  following  discussion. 

In  KBM,  the  HE  simulation  produced  an 
overpressure  of  about  1972  psi.  One  28-foot- 
long  arch  with  cold  joints,  2.15  percent 
circumferential  reinforcement  ratio,  0.6 
percent  longitudinal  reinforcement  ratio, 
outer  arch  diameter  of  about  7.9  ft.  (2.4  m) , 
and  wall  thickness  of  6.3  in.  (160  mm)  was 
tested.  Results  showed  circumferential  steel 
was  beyond  yield,  joint  failure  occurred  in 
the  region  connecting  the  arch  walls  to  the 
floor,  dinges  formed  at  the  crown  and  at 
each  fl .or  joint.  Floor  failure  was 
indicated  by  results  from  strair  gage?  but 
not  visible.  The  interface  pressure  oata 
Indicate  that  the  stress  wave  arrived  nearly 
simultaneously  on  opposite  sides  of  the  arch 
and  the  magnitude  were  aoout  the  same. 

In  KED,  the  HE  simulation  produced  an 
overpressure  of  about  1740  psi  (12  MPa).  The 
cross  section  of  the  arch  in  this  series  was 
the  same  as  for  the  KBM  event,  but  the 
circumferential  reinforcement  ratio  was  1.9 
percent,  and  the  longitudinal  reinforcement 
ratio  was  0.3  percent.  Three  arches  were 
tested,  one  28  feet  (8.53  m)  long,  another 
11.2  feet  (3.41  m)  long,  and  the  third  5.6 
feet  (1.7  m)  long.  The  longer  arches 
experienced  some  longitudinal  bending  which 
tended  to  induce  failure  in  the  joint  between 
the  arch  wall  and  floor.  Arch  1,  that  had 
been  loaded  twice  previously  in  KBM,  was 
retested  again  in  KED  (third  loading)  and 


failed  catastrophically.  It  should  be 
mentioned,  however,  that  the  KBM  arch  was 
significantly  damaged  after  the  first  two 
tests . 

In  DAT-3,  three  arch- type  structures 
were  planned  to  be  subjected  to  a  predicted 
HEST  air  overpressure  loading  of  1740  psi  (12 
MPa)  simulating  a  1.56-kt  yield,  while  the 
actual  peak  pressure  was  about  1842  psi  (12.7 
MPa).  All  the  arches  were  similar  in  cross 
section  and  had  the  following  properties: 
Inside  radius  -  3.41  feet  (1.04  m) ;  Arch 
thickness  -  6.25  inches  (159  mm);  Arch  floor 
thickness  -  9.3  inches  (236  mm);  Soil  cover 
over  crown  -  2  feet  (0.61  m);  f  ’  -  5000  psi 
(34.5  MPa);  f  (reinforcing  steel)  -  60  ksi 
(413.7  MPa);  Reinforcement  ratio  -  2.15 
percent;  and  End  bulkheads  -  6.3  inches  (160 
mm)  thick.  Structure  A5  was  composed  of  four 
5.6  ft.  (1.42  m)  long  segments  having  the 
above  mentioned  properties,  while  structures 
A6,  and  A7  were  composed  of  only  one  such 
segment.  The  joints  in  A5  were  keyed,  or 
butt  joints. 

The  arches  in  the  KBM  series  had  the 
highest  overall  normal  stresses  recorded  from 
the  three  tests,  followed  by  the  KED  series 
and,  finally,  with  the  lowest  normal  stress 
measurements  recorded  on  the  DAT-3  test. 

Some  of  the  peaks  on  the  DAT- 3  test  were  as 
high  as  those  in  KED,  but  DAT-3  experienced 
relief  of  the  load  and  did  not  accumulate  a 
matching  amount  of  impulse. 

Vertical  velocities  were  not  as 
comparable,  since  the  KBM  tests  had  only  an 
8.5  m  long  arch  and  no  short  arch  segments. 
However,  the  KBM  arch  remained  fairly  Intact 
as  far  as  vertical  velocity  comparisons 
throughout  the  structure.  In  ratirg  velocity 
output,  DAT-3  had  the  highest  vertical 
velocities  at  all  measurement  locations,  and 
very  little  relative  displacement  took  place 
between  the  lower  wall  and  floor.  This  was 
offset  by  the  failure  in  the  wall  midsection 
which  allowed  relative  displacement  in  the 
walls.  The  KBM  arch  also  held  its  shape,  and 
despite  noticeable  damage,  it  maintained  the 
best  post-yield  integrity  in  the  test  series, 
especially  in  light  of  the  high  loads  on  the 
structure.  Maximum  relative  displacement 
between  the  arch  walls  and  floor  occurred  in 
the  KED  test,  although  the  most  severe 
failure  was  obtained  in  the  collapsed  inner 
segments  of  DAT- 3  Arch  A5. 

The  KBM  arch  held  together  because  i; 
had  low  relative  displacements  under  the 
greatest  interface  loads.  This  is  due  to  the 
size  of  the  reinforcing  bars  used  in  th ;  KBM 
arch  which  translated  into  a  slightly  higher 
circumferential  reinforcement  ratio.  Relative 
displacements  between  the  crch  walls  a  d 
floor  were  greatest  in  the  KED  test  dut  to 
the  small  reinforcing  bar  sizes  and  the 
inadequate  confinement  of  the  concrete  in  the 
joint.  However,  this  forced  the  failure 
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region  to  move  up  the  arch  wall  where  bending 
and  shear  stresses  combined  to  fail  the  arch. 
This  type  of  failure  could  be  less  desirable 
than  the  failures  at  the  joint  region 
connecting  the  wall  and  the  floor,  since  they 
could  lead  Co  arch  collapse  similar  to  the 
failures  in  DAT- 3. 


Strain  data  from  the  three  tests 
generally  reflected  the  degree  cf  stiffness 
in  the  sections.  The  KBM  arch  had  the 
largest  reinforcement  ratio  and  the  best 
stiffness  configuration  among  these  cases,  so 
that  in  areas  of  stress  concentrations,  like 
the  lower  wall,  higher  magnitude  moments  were 
carried  by  the  stiffer  cross-section  (and 
eventually  by  the  reinforcement)  as  the 
corner  remained  fairly  rigid  in  spite  of 
noticeable  shear  failure  of  the  concrete  in 
the  Joint.  The  smaller  reinforcement  ratio 
in  KED  allowed  more  flexibility  and  ductility 
in  the  section  after  the  concrete  cracked, 
and  therefore,  the  moments  were  lower  in  the 
joint  area  but  higher  at  the  crown  and  the 
floor  center.  The  stiffness  level  was 
recovered  in  the  DAT- 3  test  by  arranging  the 
steel  in  the  joint  region  to  enhance  the 
contribution  of  the  reinforcement  (due  to 
geometrical  constraints  the  reinforcement  at 
the  joint  was  less  than  originally  recom¬ 
mended  by  the  author),  and  the  failure, 
subjected  to  stress  concentrations  at  steel 
cut-off  points,  was  relocated  to  the  weakest 
section  which  was  in  the  arch. 


ANALYTICAL  CONSIDERATIONS 


The  response  of  shallow-burieo  rein¬ 
forced  concrete  arches  cannot  be  accurately 
described  and  formulated  without  explicit 
consideration  of  all  governing  behavioral 
mechanisms.  Among  those  one  must  include  the 
issues  of  loading  conditions,  soil-structure 
interaction,  structural  element  response,  and 
the  effects  of  structural  parameters  on  that 
response.  In  order  to  include  all  these 
issues  in  the  analysis  one  must  resort  to 
employing  advanced  computational  procedures 
(such  as  the  finite  element,  or  the  finite 
difference  techniques)  by  which  it  would  be 
possible  to  represent  the  individual  effects, 
and  the  complicated  interactions  between  the 
various  parameters.  This,  however,  is  not 
always  simple  since  it  requires  large 
computational  resources,  and  a  fundamental 
treatment  of  several  related  issues.  At 
present  such  an  effort  is  underway  at  the 
University  of  Minnesota,  but  the  results  will 
not  be  available  in  the  near  future.  There¬ 
fore,  one  would  have  to  consider  the  imple¬ 
mentation  of  simple  procedures  that  were 
shown  to  be  very  effective  if  used  properly. 
One  of  such  methods  is  the  simulation  by  a 
single-degree-of-freedom  (SDOF)  system,  as 
performed  for  shallow-buried  box- type 
structures  (23,24],  and  following  an  outline 
discussed  in  [16], 


In  order  to  employ  a  SDOF  approach  one 
must  define  several  parametric  relationships 
which  would  represent  the  system's  mass, 
resistance,  damping,  and  forcing  function. 

The  present  write-up  is  aimed  to  address 
these  issues  for  the  development  of  a 
consistent  and  rational  approach  in  this 
direction.  First,  regarding  the  problems  of 
damping  and  loads  it  is  proposed  to  adopt  the 
conclusions  presented  in  [23,24],  as  follows. 
Damping  will  be  represented  by  a  critical 
damping  ratio  in  the  range  between  20%  to  40% 
which  includes  both  structural  and  soil- 
structure  interaction  contributions.  The 
reasons  for  such  crudeness  are  the  relatively 
high  uncertainty  regarding  these  parameters, 
and  the  fact  that  the  proposed  approach  is 
empirically  rational.  The  forcing  function 
would  be  represented  by  an  approximate  air- 
blast  pressure  for  prediction  purposes,  or  by 
blast  gauge  readings  for  post-test  analysis. 
The  remaining  two  parameters  are  more  compli¬ 
cated.  Both  the  effective  mass,  and  the 
structural  resistance  must  represent  closely 
the  nonlinear  dynamic  response.  The  mass 
would  include  part  of  the  structural  mass 
(the  responding  arch),  and  part  of  the  soil 
overburden.  Based  on  observations  from  field 
and  laboratory  test,  as  previously  discussed 
here,  it  is  clear  that  the  portion  of  the 
structure  between  the  hinges  at  mid-height 
and  the  crown  are  expected  to  response. 


As  a  result  one  can  define  an  effective 
mass  which  would  represent  that  portion  of 
the  arch,  as  shown  in  Figure  6. 
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from  which  the  mass  factor  is  clearly  0/180, 
but  from  Figure  6: 


6  -  180  -  2<J 
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R  1 
sin^  -  —  -  - 
2R  2 


4>  -  sin-1  -  -  30° 
2 

and  the  mass  factor 

180-60  120 


Also,  it  is  proposed  here  to  employ  the 
soil  mass  above  the  responding  portion  of  the 
arch.  Both  these  conclusions  seem  to  be 
similar  to  the  findings  and  recommendations 
in  [25], 

The  development  of  a  resistance  function 
is  performed  similarly  as  discussed  in 

[23.24) .  The  peak  resistance  for  the  arch  in 
the  uniform  compression  and  in  the  flexural 
modes  of  response  were  estimated  in  several 
publications  [2,3,4,  and  25). 

DISCUSSION 

Employing  the  approach  proposed  in 

(23.24)  one  could  develop  a  resistance 
function  for  the  arch  (i.e.,  a  relationship 
between  the  distributed  load  w  and  the  corwn 
deflection  A),  as  follows.  Assume  a  second 
order  polynomial  relationship  between  the 
zero  condition,  point  0  in  Figure  7,  to  the 
peak  resistance,  waiX,  at  point  A.  For  that 
relationship  one  must  employ  rational 
boundary  conditions,  for  example: 

1.  v  -  0  ,  A  -  0 


2-  w  -  wn>J[  ,  A/t  -  0.25 


3.  w  -  w_ 


,  3w/3A 


therefore,  the  general  relationship  of 
the  form  shown  in  Eq.  (7) 

w  -  AA2  +  BA  +  C  (7 

Introducing  the  conditions  in  (6)  will 
result  in  the  following  relationship. 


Also,  it  should  be  noticed  that  the 
initial  stiffness  for  the  system  (i.e.,  the 
slope  at  A  -  0)  is 

3* 

K0  -  <-)*-.  -  B  -  8  -  <* 
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CROSS  DEFLECTION 


FIGURE  7  RESISTANCE  MODEL 


Also,  it  is  noticed  from  the  experi¬ 
mental  data  (Figures  4,  and  5)  that  the 
resistance  could  remain  essentially  constant 
at  w  until  about  A  -  0.5t.  No  accurate 
experimental  data  was  available  beyond  that 
point,  but  based  on  results  from  more  recent 
studies  [19-22)  it  was  decided  to  try  a 
constant  resistance  until  A  -  2t.  Combining 
these  details  results  in  the  empirical 
resistance  function,  as  shown  in  Figure  7. 


The  analysis  of  the  system  is  performed 
by  assuming  that  the  arch  would  respond  with 
respect  to  a  stationary  floor,  and  thus,  the 
computed  motions  would  correspond  to  the  arch 
crown  of  a  theoretical  system  which  does  not 
include  the  response  of  either  the  floor,  or 
rigid  body  motion.  The  present  approach  was 
employed  for  the  preliminary  analysis  of  the 
arches  described  in  [19-22),  and  the  computed 
crown  displacements  are  compared  to  test  data 
in  Table  1.  In  the  present  analysis  the 
resistance  functions  do  not  contain  length 
effects,  and  therefore,  only  one  arch  of  each 
series  was  studied  numerically. 

DISCUSSION  AND  CONCLUSIONS 

The  behavior  of  buried  reinforced 
concrete  arches  is  of  continuing  interest, 
and  several  studies  were  conducted  for 
providing  information  on  the  subject.  The 
approach  adopted  in  the  present  study  is  a 
preliminary  one  that  is  aimed  toward  the 
development  of  simplified  methods  of 
analysis.  This  approach  is  based  on  observed 
structural  behavior  under  static  and  dynamic 
loading  conditions,  and  empirical  relation¬ 
ships  between  applied  load  and  crown  deflec¬ 
tion.  The  early  results  obtained  by  this 
approach  seem  to  be  reasonable,  but  cannot  be 
used  for  more  chan  deriving  qualitative 
conclusions  on  the  response.  Inspection  of 
the  test  structures  revealed  that  the  peak 
displacements  of  the  floor  slabs  weie 
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approximately  equal  to  the  peak  crown 
displacements,  and  thus,  the  present  approach 
seems  to  be  surprisingly  accurate.  The 
continuing  studies  at  the  University  of 
Minnesota  will  address  these  issues,  and  are 
expected  to  provide  useful  structural 
assessment  tools. 

It  is  clear  from  these  results  that  one 
must  consider  the  floor  response,  the  effects 
of  dynamic  shear,  and  the  contributions  of 
reinforcement  detailing  on  the  response. 
Several  relationships  on  these  issues  were 
derived,  and  are  being  evaluated.  Preliminary 
results  show  that  the  effects  of  confinement 
and  shear  can  be  incorporated  very  effec¬ 
tively  into  the  present  analysis.  Also,  that 
by  employing  a  mulci-degree-of-freedoir  (MDOF) 
approach,  it  is  possible  to  compute  relative 
motions  between  the  arch  crown  and  the  floor 
slab.  Nevertheless,  such  efforts  are  not  yet 
complete,  and  therefore,  these  results  will 
be  presented  at  a  later  time.  Another  issue 
<"hat  needs  to  be  addressed  in  the  future  is 
the  effect  of  the  arch  length  on  the 
structural  response,  and  how  such  an  effect 
can  be  represented  in  the  MDOF  analysis. 
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AS  A  CRITERION  FOR  MATHEMATICAL  MODEL  MODIFICATION 

by 

Ching-U  Ip  and  Charles  A.  Vickery,  Jr 
Ballistic  Missiles  Division 
TRW  Inc. 

Norton  Air  Force  Base,  California 
and 

David  I.G.  Jones 

Materials  Laboratory  (AFWAL/MLLN) 

Wright-Patterson  Air  Force  Base,  Ohio 


This  paper  describes  an  investigation  of  analysis  methods  for  predicting 
dynamic  stresses  at  specific  critical  locations  in  a  structure,  by  finite 
element  methods,  and  the  development  and  Improvement  of  modal  models  using  a 
novel  Random  Walk  approach  to  correct  for  differences  between  analytical  and 
experimental  results. 


1.  INTRODUCTORY  REMARKS 

In  the  design,  development,  and 
qualification  of  an  aerospace  structure, 
structural  adequacy  under  actual  and  specified 
environments  has  to  be  demonstrated.  Typical 
dynamic  environments  for  a  ballistic  missile 
for  Instance,  are  sustained  acceleration, 
transportation  and  handling,  acoustic 
excitation,  operating  flight,  and  payload 
reentry.  For  each  dynamic  environment,  the 
missile  structure  must  be  shown  to  have  a 
margin  of  safety  equal  to  or  exceeding  zero. 

Should  the  missile  pass  an  actual  flight 
test  unscathed,  this  fact  by  itself  does  not 
qualify  the  structure  for  the  flight 
environments.  First,  while  the  missile 
structure  has  undergone  a  set  of  actual 
environments,  it  has  not  necessarily 
encountered  the  maximum  expected  set 
corresponding  to  the  worst  flight  trajectory. 
Secondly,  the  environment  design  factor,  which 
ideally  is  the  ratio  of  the  specified 
environment  to  the  maximum  expected  actual 
environment,  has  not  been  taken  into  account. 

Simulation  in  tne  laboratory  of  each  of 
the  dynamic  environments,  and  subjecting  the 
structure  to  the  environmental  test,  is  a 
realistic  but  impractical  and  costly  approach. 
Hence,  there  is  little  practical  alternative 
other  than  to  qualify  the  missile  structure  by 
analysis.  This  observation  reflects  Morrow 
[1],  who  said  "Structures  are  to  be  qualified 
by  analysis  but  equipment  must  be  qualified  by 
testing."  The  latter  statement  mostly 
reflects  the  fact  that  the  dynamic  behavior  of 
conponents  such  as  electronic  printed 
circuits,  transistors  or  computers  is 
difficult  to  model  mathematically,  and  their 
thresholds  of  failure  are  even  harder  to 
estimate  without  experimental  evidence. 


Given  the  requirement  that  the  structure 
must  be  qualified  by  analysis  for  each  of  the 
specified  environments,  it  seems  at  fiist  sight 
to  be  straightforward  to  perform  a  number  of 
dynamic  analyses  equal  to  the  number  of 
environments,  and  obtain  the  margins  of  safety 
from  a  critical  examinatic-  of  many  present 
practices  for  achieving  th:..  end.  This  method 
reveals  some  shortcomings  which,  when 
scrutinized  in  detoil,  'eavc  the  goal  of 
structural  qualifies!. on  unaccoiro^-ihed.  It  is 
the  objective  of  i«»s  paper  to  dis  '<irse  on  the 
pitfalls  of  proving  structural  ade.jacy,  and  to 
suggest  remedies  for  coir  -  of  the  deficiencies. 

Ideally  one  would  wish  for  an  analysis 
method  which,  prior  to  a  dynamic  test  to 
failure  of  an  aerospace  struciure,  predicts 
exactly  the  magnitudes  and  durations  of  the 
failure  load,  and  the  location  in  the  structure 
where  failure  will  occur.  This  prediction 
should  work  for  all  prescribed  dynamic  and 
vibratory  loads,  and  for  each  set  of  load 
conditions  in  turn,  for  failures  caused  by 
overload  or  fatigue.  Admittedly  this  is  a 
forever  elusive  goal,  but  analysis  and  dynamic 
testing  practice  can  be  improved  such  that  the 
goal  is  being  approached  step  by  step.  The 
investigation  reported  here  is  an  attempt,  in 
that  direction,  to  devise  a  finite-element 
dynamic  model  which  will  give  accurate  dynamic 
stresses  at  failure  locations  (one  location  for 
each  load  environment)  in  the  structure,  and 
only  approximately  accurate  stresses  elsewhere. 
Specifically,  the  scope  of  the  effort  will 
include:  (a)  Vibration  environmental 
specifications,  design  and  testing  procedures 
of  a  typical  aerospace  substructure  (e.g.  one 
stage  of  a  missile)  are  delineated  to  show  the 
requirements  for  verification  of  design 
adequacy.  Dynamic  analyses,  choice  of  failure 
theories,  and  an  accurate  dynamic  model  are 
shown  to  be  crucial  in  fulfilling  the 
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requirements.  Vibration  testing  cate  are 
needed  to  modify  the  finite-element  model 
initially  constructed  from  engineering 
idealization  in  the  search  of  an  accurate 
dynamic  model.  This  investigation  chooses  the 
dynamic  strains  at  the  location  of  predicted 
structural  failure  as  the  quantities  for 
matching  between  unalysis  and  experiment;  (b) 

A  method  is  devised  to  choose  candidate  points 
in  the  structure,  the  population  of  which 
includes  the  point  of  structural  failure.  To 
render  vibration  testing  for  model 
verification  practical  and  cost  effective,  a 
criterion  for  a  minimum  number  of  strain, 
force  and  acceleration  measurements  is 
established.  The  results  obtained  for  model 
matching  are  in  the  form  of  force-to-strain 
and  acceleration-to-strain  transfer  functions; 
(c)  Structural  failures  due  to  dynamic  loads 
or  fatigue  when  the  aerospace  substructure  is 
subjected  to  the  specified  vibration 
(deterministic  and/or  random)  environment  are 
derivable  from  the  transfer  functions 
obtained.  Theories  of  failure  have  to  be 
assigned  a  priori,  however;  (d)  Revised 
structural  mode  shapes  become  a  corollary  of 
the  correct  stress  transfer  functions,  and  the 
advantages  of  employing  them  in  certain 
applications  are  discussed.  A  computer 
program  using  a  novel  Random  Walk  method 
corrects  the  analytical  mode  shapes  based  on 
the  measured  natural  frequencies  and  transfer 
functions,  and  the  modal  damping  parameters 
derived  therefrom. 

The  approach  and  procedure  are  demonstrated 
with  reference  to  a  specific  structure,  namely 
the  main  frame  of  a  very  high  frequency  high 
cycle/low  cycle  fatigue  test  machine  being 
developed  at  the  Materials  Laboratory,  this 
being  the  structure  whose  dynamic  model  is 
adjusted  for  correct  stresses.  This  structure 
was  chosen  as  the  example  because  it  required 
finite-element  modelling  by  rather 
sophisticated  solid  elements  to  match  the 
natural  frequencies  between  analysis  and 
experiment. 

1.1  CRUCIAL  SUBTLETIES  OF  ANALYTICAL 
PREDICTION 

Ideally  the  analytical  prediction  should 
precisely  foretell  actual  events.  Consider 
the  case  of  a  missile  structure  subjected  to  a 
deterministic,  dynamic,  environment  with  the 
structure  designed  for  certain  values  of 
factor-of-safety  and  environmental  design 
margin.  Should  the  dynamic  environment  then 
be  increased  beyond  the  design  margin  the 
analysis  would  predict  a  negative  margin  of 
safety.  One  would  assume,  not  necessarily 
correctly,  that  failure  would  then  occur.  The 
following  actions  explore  the  reasons  and 
delineates  the  difficulties  to  be  overcome. 

Margin  of  Safety  and  Failure 

Surprisingly,  the  margin  of  safety  is  not 
a  measure  of  closeness  to  failure.  For 
prediction  of  failure  by  analysis,  some 


theories  of  failure  have  to  be  postulated. 

Take  the  simplest  case  of  the  Maximum  Stress 
Theory.  The  following  formula  gives  the  margin 
of  safety  for  fracture,  (MS)f: 

(MS),  =  Su/N_,  (1) 

TT 

where  Suis  the  ultimate  strength  of  the 
material,  N  is  the  factor  of  safety:  A  typical 
value  of  1.25  applies  to  launch  and  flight 
loads.  S  is  the  induced  stress  at  the  critical 
point  (where  failure  would  occur)  of  the 
structure  for  the  maximum  expected,  or 
specified,  dynamic  environment,  and  e  is  the 
environmental  design  margin  intensification 
factor;  A  typical  value  is  3)  dB  or  a  factor  of 
1.5.  The  factor  of  safety  N  accounts  for 
uncertainties  in  the  ultimate  strength  of  the 
material  (one  dimensional  tensile  stress  versus 
multi-dimensional  stresses  in  the  structure), 
fabrication  variations  and  a  "multitude  of 
other  sins."  It  is  best  considered  as  a  factor 
that  lowers  the  material  ultimate  allowable  to 
the  working  or  design  stress,  S^. 

The  interpretation  of  Equation  (1)  is  as 
follows:  If  the  actual  dynamic  environment  is 
intensified  by  a  factor  e  which  should  be  then 
the  specified  environment  for  analysis  or 
testing,  and  if  the  dynamic  margin  of  safety, 
(MS)  is  calculated  to  be  equal  to  zero,  then 
the  peak  of  the  transient  dynamic  stress  at  the 
critical  point  of  the  structure  should  have  a 
value  equal  to  the  working  stress,  =  Su/N, 

a  predetermined  quantity.  Hence,  (MS),  is  a 
definite,  calculable,  quantity  in  dynamic 
analysis  and  is  a  measure  of  "closeness  to  the 
design  state  for  the  structure,"  not  a  measure 
of  "closeness  to  structural  failure."  This  is 
in  contrast  to  the  missile  flight  test,  which 
is  an  up-or-down  threshold  on  structural  integ¬ 
rity.  Nevertheless,  margin  of  safety  is  a  good 
measure  of  structural  adequacy. 

it  is  also  noted  here  that,  because  of  the 
environmental  design  margin  and  the  factor  of 
safety,  the  dynamic  analysis  of  the  structure 
should  operate  within  the  elastic  range  of  the 
material.  Thus  the  employment  of  linear  modal 
analysis  is  justifiable. 

Verification  of  Dynamic  Model 

Unless  the  mathematical  dynamic  model,  in 
essence,  truly  represents  the  physical 
structure,  qualification  by  analysis  will  lack 
a  sense  of  reality.  The  question  then  rests  on 
what  are  the  essential  features  of  the 
representation  which,  in  turn,  depend  on  the 
objectives  of  the  analysis.  If,  for  example, 
the  first  few  bending  frequencies  of  a  missile 
are  needed  for  the  prediction  of  the  stability 
of  the  guidance  system,  then  a  mathematical 
model  which  gives  beam  bending  frequencies  that 
match  those  measured  in  a  vibration 
survey  test  is  a  good  dynamic  model.  On  the 
other  hand,  if  the  analysis  is  to  show 
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structural  reliability  under  dynamic 
environments,  then  such  a  verification 
criterion  is  inadequate. 

If  linear  structural  analysis  is 
sufficient  for  the  purpose  of  qualifying  the 
structure,  and  if  the  mathematical  model 
provides  the  correct  normal  modes,  then  it  is 
an  adequate  representation  of  the  physical 
structure  regardless  of  the  nature  of  the 
external  loading,  whether  harmonic,  transient 
or  random.  This  approach  is  not  practical, 
however,  since  the  number  of  dynamic 
measurements  has  to  be  equal  to  the  number  of 
degrees-of-freedom  of  the  structure. 

If  the  problem  concerns  structural 
reliability,  then  it  should  be  related  to  the 
manner  of  structural  failure  and  its  location, 
which  is  termed  the  critical  point  or  the 
“weakest  link."  Would  a  dynamic  model  which, 
upon  analysis,  furnishes  the  correct 
displacement  or  acceleration  response  at  the 
critical  point  be  a  satisfactory 
representation?  An  affirmative  answer  is  not 
directly  obvious.  The  criterion  of  a 
successful  dynamic  model  actually  depends  on 
the  theory  of  failure  postulated.  For  the 
simplest  maximum  stress  theory,  which  states 
that  failure  will  occur  when  the  maximum  value 
of  the  dynamic  stress  at  the  critical  point 
reaches  the  ultimate  strength  of  the  material 
at  that  point,  the  dynamic  model  which  gives 
the  correct  stress  at  the  critical  point  is  a 
successful  one. 

It  is  apparent  that  a  mathematical  model  does 
not  have  to  represent  the  physical  structure 
in  all  aspects,  but  should  contain  the  truly 
essential  features,  the  latter  depending  on 
the  objectives  of  the  analysis. 


1.2  SYNOPSIS  OF  PROPOSED  METHODOLOGY  FOR 
VERIFICATION  OF  DYNAMIC  MODEL 

The  proposed  methodology  is  outlined  below 
and  details  of  its  development  will  be 
presented  in  subsequent  sections  of  this 
paper. 

Consider  the  simple  case  of  Maximum  Stress 
theory  as  criterion  of  structural  failure. 

The  procedure  of  the  analysis  is  as  follows: 

(i)  Set  the  criterion  of  a  satisfactory 
dynamic  model  as  one  that  yields  the  same 
dynamic  stress  at  the  critical  point  (point  of 
failure)  of  the  structure  as  can  be  obtained 
by  measurement. 

(ii)  Consider  the  normal  mode  model  of  the 
structure  to  be  suitable  for  the  purpose  of 
proving  structural  adequacy.  Once  this  normal 
mode  model  meets  the  correct  dynamic  stress 
requirement,  all  dynamic  analyses  will  employ 
this  model  instead  of  the  discrete  mass  model. 

( i i i }  Use  standard  engineering  idealization 
to  establish  a  finite-  element  mathematical 


model  as  a  starting  configuration  and  perform 
an  eigenvector  analysis  on  this  model. 

(iv)  Use  a  resonant  mode  method  (described 
later)  of  selecting  candidate  points  within 
which  population  the  critical  point  is  likely 
to  be,  and  where  measurements  will  be  made  in 
the  experimental  vibration  survey  test. 

Perform  preliminary  dynamic  analyses  on  the 
unverified  mathematical  model  to  further  reduce 
the  number  of  choices  of  candidate  points. 

(v)  Conduct  a  vibration  survey  test  on  a 
prototype,  of  the  structure,  measuring  natural 
frequencies,  modal  damping,  and  response/load 
transfer  functions  at  the  candidate  points. 

This  experiment  should  be  performed  with  care 
and  precision  so  that  the  measured  values  can 
be  used  as  standards  to  which  the  analytical 
values  will  be  adjusted. 

(vi)  Employ  a  novel  Random  Walk 
optimization,  which  eludes  local  minima,  to 
minimize  the  differences  of  the  strain  transfer 
functions  as  measured  and  as  calculated  at  the 
dominant  response  frequencies.  The  quantities 
to  be  adjusted  are  the  calculated  mode  shapes 
at  the  candidate  points,  resulting  in  the 
dynamic  stresses  at  those  points  being  correct 
after  mode  shape  modification. 

(vii)  Utilization  of  the  same  Random  Walk 
method  to  adjust  the  mode  shape  values  of  the 
modes  at  points  other  than  the  candidate 
points,  so  that  the  node  shapes  will  remain 
orthogonal.  The  final  adjusted  dynamic  model 
then  becomes  a  set  of  normal  modes  which  yields 
correct  dynamic  stresses  at  the  candioate 
points  (which  include  the  critical  point). 

Even  though  there  is  no  absolute  assurance  that 
dynamic  stresses  elsewhere  in  the  structure 
will  be  comet,  the  calculated  results  from 
this  adjusted  dynamic  model  should  be  better 
than  those  from  the  unadjusted  model. 

2.  THEORETICAL  DEVELOPMENT  OF  THE  METHOD 

2.1  Normal  Mode  Mathematical  Model  and  Dynamic 
Responsei  (Displacements) 

The  differential  equation  model  of  the 
structure  is  taken  in  the  form: 

M  |x)+  [k(!  +  i  T7 )  j  I  x  *  =  {f(t)j  (2) 

where  {  x)  is  the  matrix  of  generalized 
displacements.  Suppose  the  structure  has  n 

2 

degrees  of  freedom.  If  the  set  of  n  transfer 
functions  (receptances;  associated  with  the 
structural  system,  as  measured  experimentally 
and  derived  from  analysis,  are  made  to  agree, 
then  the  finite  element  mode!  giving  the  same 
transfer  functions  is  a  realistic  one,  and  tne 
dynamic  analyses  performed  on  it  for  any  kind 
of  loads  wouiu  be  accurate. 

The  formal  solution  of  the  differential 
equation  model  given  in  Equation  (2)  will  be 
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by  the  classical  method  of  normal  modes.  The 
transformation  of  the  generalized  coordinate 
fx"J  to  normal  coordinate  Iq  3  is  through  the 
modal  matrix  ($J.  Usually;  only  a  limited 
number,  m,  of  the  mode  shapes  can  be 
accurately  determined  either  analytically  or 
experimentally.  Hence  the  order  of  is 
(nxm).  The  modal  mass,  modal  damping,  and 
modal  stiffness  matrices  are  given  by: 

{  x  )  =  U  J  {  q  } 

fMs  J  =  MTMM  0) 

f  ks  J  =  L*JT[k(HiW3 

where  the  superscript  T  is  the  transpose,  and 
the  subscript  s  is  equal  to  1,  2,  ...;  m 
denotes  the  natural  modes;  co  is  natural 
circular  frequency.  1 

If  the  system  is  subject  to  sinusoidal 

excitations,  {  F0 >  e1wt,  the  displacement 
responses  of  the  whole  system  will  be  given  by 

(x}  =  [H(w)]  Jfje**  (4) 

where  the  transfer  function  matrix: 

[H(«)3  =  m  Ys(w)3[j»jT  {5} 

and  the  s  diagonal  element  of  the  admittance 
matrix  fYs(w)J  is  given  by: 


YSM  = 


If  the  system  is  subject  to  a  set  of 
external  transient  loads, {P  (t)J ,  the  system 
response  {x(t}}  can  be  found  as  follows: 

The  unit  impulse  response  matrix  of  the  system 
is  given  by^ 

[h(t)J  =^/ReH(w)  cos  cut  do  (7) 

"o 

where  ReH(o)  is  the  real  part  of  H(o)  and: 


(x(t)}  =  /'[h(t-r)]  {Pr(T)}dT  {8) 

If  the  system  is  subject  to  a  set  of 
random  loads  characterized  by  the  power 
spectral  density  matrix,  Sp  d  (c),  the  system 
resp'-’se  in  the  form  of  powferspectral  density 
matrix  is  given  by: 

[Sx^fc!}]  =  [SprPu  (0)3  [H(0)]T  (9) 

where  subscript  P  is  another  external  force 
acting  at  xu  and  is  the  complex 

conjugate  of  [K(u}]. 


2.2  Strain  Transfer  Functions  at  the 
Critical  Point 

Since  only  the  critical  peiiii  x  is  of 
importance,  the  displacement  /torcectransfer 
functions  associated  with  it  are  better  found 
using  the  following  formula  instead  of 
calculating  them  from  Equation  (5). 
m 


Vr{6,)  (10) 

for  P  =  P.,  P-,...,  P  ,  the  p  applied  loads 
located  at^tations  ofpthe  same  designation  in 
the  structure. 

He  wish  to  derive  a  similar  expression  for 
a  strain/force  transfer  function,  to  be 
compared  directly  with  strain  gage  measure¬ 
ments.  Let  the  critical  point  x  be  encased  in 
a  finite  element  in  the  mathematical  model. 

The  strain  transfer  function,  |H€  (cj)|,  and 

the  stress  transfer  function,  } ,  with 

the  input  at  P  and  the  output  at  X  ,  are 
functions  of  tne  displacement  transfer 
functions  of  all  the  nodes  of  the  finite 
element.  Formally,  they  are  expressed  as 
follows  (See  Appendix  I): 

|HeJr  (u>)|  =  [B]  |H{uK.}  (u)}  (11} 

<V  (*>)}  =  [C]  [B]  { H<*>(,,)}  (12) 

c  r  t 

where  [B]  is  the  displacement  to  strain 
transformation  matrix  and  [C]  is  the 
strain-to-stress  transformation  matrix.  These 
transfer  functions,  however,  are  expressed  in 
global  coordinates.  To  convert  the  strain  and 
stress  vectors  back  to  the  local  coordinates  of 
the  finite  element,  for  the  purpose  of  matching 
the  strain  gage  measurements,  we  need  to 
multiply  them  by  the  transformation  matrix  [Tj. 
Hence,  we  have  the  result: 


Vs^ 


=  [T] 
=  [T] 


(«)} 
Jh/ (<*>)} 


Appendix  I  shows  an  example,  using  an  8-node 
solid  element,  for  the  derivation  of  the  stress 
and  strain  transfer  functions,  giving  explicit 
expressions  for  the  transformation  matrices. 

2.3  Search  for  the  Critical  Point 

For  each  given  loading  environment,  if  it 
is  increased  progressively  and  proportionately 
everywhere  on  the  structure,  failure  will  occur 
at  one  location  in  the  structure.  Thus  there 
are  several  critical  points,  and  the  same 
number  of  dynamic  margins  of  safety,  for  the 
missile  airframe  specifications.  Even  if  an 
accurate  dynamic  model  of  the  structure  is 
available,  the  dynamic  analysis  performed  on  it 
has  to  evaluate  the  dynamic  stress  everywhere 
in  the  structure  and  find  the  location  having 
the  least  margin  of  safety.  So  far,  we  do  not 
have  an  accurate  dynamic  model,  and  hence  the 
dilenna  is  still  present. 
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Suppose  we,  by  some  guideline,  pick  a 
finite  number  of  structural  locations  (nodes 
in  the  dynamic  model)  called  the  candidate 
points,  within  which  population  the  critical 
point  is  likely  to  be  included,  then  the  task 
of  analysis  becomes  more  manageable.  The 
number  of  candidate  points  can  be  as  large  as 
the  engineer  chooses.  One  method  of  choosing 
candidate  points  is  suggested  here. 

Resonant  Modes  Method 

Vibration  responses  of  airframe  structures 
are  usually  measured  in  the  low  frequency 
region,  and  are  more  prominent  at  the  resonant 
frequencies  of  the  structure.  This  is  true 
even  for  random  vibrations.  Even  though  we  do 
not  know  which  natural  frequency  will  be 
excited,  since  the  frequency  contents  of  the 
loading  environment  are  not  analyzed,  we 
realize  that  the  dynamic  response  will 
encompass  the  first  several  resonant  modes  in 
some  manner. 

Let  the  structure  statically  assume  the 
first  mode  shape.  This  pseudo-displacement 
load  will  induce  stresses  at  various  locations 
in  the  structure.  We  will  use  the  static 
margin  of  safety  as  the  selection  criterion, 
and  choose  say  20  candidate  points.  Let  the 
same  procedure  be  repeated  for  the  2nd,  3rd, 
and  4th  modes,  say.  We  then  have  q=40 
candidate  points  or  less  if  some  points  are 
repeated.  Since  any  one  natural  mode  might  be 
prominent  in  the  dynamic  response,  all  the 
candidate  points  for  each  mode  are  included  in 
the  study.  This  method  will  be  correct  if  one 
single  mode  dominates  the  response.  With 
superposition  of  the  significant  modes,  the 
highest  stressed  point  for  one  mode  might  not 
be  the  highest  stressed  point  of  the 
superposition.  Hence  we  choose  10  candidate 
points  for  each  mode. 

2.4  Humber  of  Measurements  for  Model 
Verification 

We  have  defined  a  successful  mathematical 
model  as  one  which,  when  used  in  a  dynamic 
analysis,  yields  the  same  dynamic  stress  at 
the  critical  point  as  that  measured 
experimentally  in  the  actual  structure, 
subject  to  the  same  dynamic  environment.  The 
corollary  is  that,  for  linear  structures,  the 
successful  mathematical  model  has  the  same 
strain/load  transfer  functions,  at  the 
critical  point,  as  those  experimentally 
measured. 

Consider  the  case  of  q  candidate  points  in 
the  structure,  subject  to  p  discrete  loads. 

It  is  assumed  that  the  prototype  structure  has 
been  built  and  is  available  for  dynamic 
measurements.  Furthermore,  it  is  assumed  that 
the  leads  P  (t),  and  their  correlations,  are 
known  (as  spelled  out  in  a  specification  for 
exaspie)  and  the  experiments  performed  in  the 
laboratory  are  skillfully  conducted  so  that 


the  results  can  be  taken  as  standards  which 
analyses  are  made  to  match. 

The  successful  mathematical  model  must  have 
the  correct  strain  transfer  functions,  at  the 
critical  point  x  ,  for  all  p  loads.  Since  x 
is  known  only  among  q  candidates,  the  numbercof 
transfer  functions  He.„  (o)  would  be  (p  x  q). 
Taking  the  previous  eiaiple  where  p  =  10  and  q 
=  40,  the  number  of  response  measurements  will 
be  400,  much  too  large  to  be  practical. 

In  measuring  the  strain  transfer  functions, 
in  accordance  with  the  above  procedure,  a 
sine-sweep  excitation  is  applied  to  each  of  the 
P  locations  in  turn  and  the  strains  are 
measured  at  all  the  x.  locations. 

The  following  test  method  will  greatly 
reduce  the  number  of  vibrator  setups  and  the 
number  of  strain  measurements:  first  we  modify 
the  scheme  of  numbering  the  candidate  points 
and  the  loading  locations.  Table  I  illustrates 
the  system. 


Node  x 


TABLE  I  CANDIDATE  POINTS 
Candidate  Pointsf  Load 


fi  ~ >  xi 
0 


Pr^  Pj 


Let  the  candidate  be  at  f,,  f2,...  f  (for 
location).  Instead  of  numbering  them  ^ 
sequentially  thus,  we  just  specify  the 
locations  at  the  nodes  of  the  finite  element 
model  where  they  occur.  Similarly,  the  loading 
locatiun  is  specifieo  also  at  the  nc  s.  The 
underlying  reason  is  to  make  use  of  -he  Maxwell 
Reciprocity  Theorem: 


HxiPj^ 


HxjPi(°) 


HijM 
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[H]  is  a  symmetric  matrix.  Now  we  wish  to  find 
H^ip^M,  the  transfer  function  at  due  to  a 

force  at  x. ,  without  having  to  measure  it 
directly. 


=  Hj.  = 


.  «i  .  «i  Pj 


ik  ~TT  ‘  77  -TJ  *  TT 


Hik  =  HijHjj  Hjk 


However: 

V  -  Hkj 

(16) 

-1 

H*ipk  -  Hxjpj  Vj  Vi 

(17) 

That  is  to  say,  if  one  vibrator  is  placed 
at  x.  for  the  test,  and  strain  measurements 
are  taken  for  all  the  candidate  points  and 
also  all  the  loading  locations,  including  x., 
then  all  the  required  H(u>) ‘s  can  be  derived^ 
from  these  measurements.  This  is  a  total  of 
(p+q)  measurements  and  only  one  excitation 
input.  For  the  previous  example,  the 
resulting  50  measurements  is  an  improvement 
over  the  initial  400. 

As  a  practical  matter,  in  a  case  where  it 
is  difficult  to  measure  H.,  with  the  strain 
gage  placed  at  the  vibrator  input,  the  testing 
procedure  can  be  as  follows: 

(1) :  Employ  a  vibrator  at  another 

location  x.  and  obtain  all  the 
H. .  (0)'sJexcept  for  i=j,  for  2 
total  of  (p  +  q  -1)  measurements. 

(2) :  Repeat  the  testing  with  the  vibrator 

at  another  location  X  and  measure 
the  transfer  functions  at  X-  and 
another  point  X^.  J 


-HXjPj  ~  'V*  H*jPk  Vj  O8) 

Noting  that  Hx  p  was  previously  measured, 

we  now  have  two  additional  measurements, 
making  a  total  of  (p+q+1)  measurements  for  the 
experiment. 

2.5  Adjustment  of  the  Dynamic  Model 

As  shown  above,  correcting  the  dynamic 
model  might  not  be  necessaiy  if  the  critical 
point  whose  stress/load  transfer  functions  are 
experimentally  determined,  and  its  location 
are  selected  from  dynamic  analyses.  However, 
there  are  situations  when  correcting  the 
dynamic  model  to  match  experimental  data  night 
be  very  desirable.  For  example  when  (1;,  the 
critical  point  in  the  structure  is 


inaccessible  for  strain  measurement,  and  as  an 
alternative  two  or  more  strain  measurements 
are  taken  in  its  neighborhood,  the 
interpolation  of  Hep  (o)  will  be  difficult.  If 
we  adjust  the  mode  shape  values  of  the  points 
measured  such  that  the  transfer  functions  at 
those  points  agree  with  the  measurements. 
Interpolation  of  mode  shapes  will  be  more 
feasible;  (2),  When  a  portion  of  the  structure 
needs  to  be  examined  later  for  internal  loads, 
stresses,  etc.,  performing  another  experiment 
to  determine  new  H«p  (*o)  values  is  usually  out 
of  the  question.  With  a  dynamic  model  psJ, 

[0],  which  is  only  slightly  different  from  the 
original  model,  but  gives  correct  HCp  fo) 
values  at  all  candidate  points  including  the 
critical  point  of  the  structure,  the  analysis 
of  the  selected  substructure  should  be  an 
improved  one.  The  same  would  be  the  case  when 
a  portion  of  the  structure  is  altered,  or 
additional  portions  are  required,  and  conponent 
mode  methods  are  used  for  analysis. 

In  making  the  choice  of  the  theoretical 
dynamic  model  on  which  adjustments  are  made,  we 
require  the  theoretically  calculated  natural 
frequencies  to  be  close  to  the  measured  ones 
(say,  within  5S).  Otherwise,  another  process 
of  engineering  idealization  of  the  structure  is 
required  to  produce  a  satisfactory  starting 
model. 

When  that  is  accomplished,  we  use  the 
raeasurea  values  of  resonant  frequencies, oic, 
and  modal  damping  coefficients,  q  ,  for  the 
adjusted  model.  The  theoretical  values  of  H 
and  at  the  candidate  points  will  be  J 
adjusted  to  give  the  measured  Hf.  Fr^’ 

knowing  the  mode  shapes  at  X.  and  X  ,  and  the 
location  of  the  candidate  point  and'input  load, 
respectively.  Hence,  the  quantities  for 
adjustment  are: 

Ms;  ^xis’  and  ^PrS*  =  1»  2’  — »  a  nKKles^ 

The  number  of  these  quantities  to  be 
adjusteu  is  quite  small.  Furthermore,  each 
candidate  point  will  have  it’s  own  quantities 
for  adjustment,  independent  of  the  others. 

An  even  better  method  for  adjusting  the 
modal  values  is  based  on  cur  suggested  approach 
of  having  only  one  vibrator  input  at  X-,  and 
obtaining  Hxjpj  the  transPer  functions 

due  to  other  loading  locations  are  derived  from 
it.  Therefore,  K ;  and  the  row  matrix 

are  the  onlysquantities  to  be  adjusted. 
Since,  in  the  experiment,  we  have  one  loading 
input  at  Xj  and  measure  p^  (v)  at  (p  +  q)  • 

points  of  X.,  be  they  candidate  points  or 
loading  points.  m 

Hci  Pj  P)  =  S  0js  ys  {uJ}  ns) 

After  adjusting  the  modal  values  at  X.  and 
considering  these  values  invariant,  then  each 


^^>KK!i)C.0f^X5iS^V3rj«XXVJn^JT10r^aCSiHTimiXS^XXSXHSRWTO^ 


mode  shape  [0.  ]  will  be  adjusted  alone. 
Otherwise  there  will  be  conflicting  values  of 
[0 -  ]  for  matching  the  different  measured 

"«fPj  M. 

The  analytical  form  of  the  transfer 
function  may  be  written  as 


HijM 


ri  (<*>s2  •u>2)2+  V°s 


(20) 


where  /*s  _  ^is  & 


„th 


js  s  mode  contribution 

Ms  sth  mode  mass 

Vs  s£jj  mode  damping 
<as  s  natural  frequency 
i»j  locations  on  the  structure 

Here  then's  are  defined  as  "strain  mode 
shapes".  The  relation  between  i/»  and  0  is 
defined  in  equations  (10),  (13)  ana  (20). 

None  of  the  above  parameters  are  known 
except  for  the  excitation  frequency  and  the 
value  of  H..(o)  measured  at  discrete 
locations. 1JNote  that  H  .  .(tt  )  at  to  may  not 
be  in  the  processed  datJJand,  in  fact,  event) 
must  be  extracted  from  the  experimental  data. 
Consider  the  values  of  |  H^(«J)  j  4  at  to sa> 

a  .,  and  4>  ,  within  the  half-power  region  of 
aDresonantsfrequency  U  (such  an  assertion 
can  be  subsequently  checked).  .Then  from 
Equation  (20),  taken  at  the  sin  mode  and  - 
writing  a  simpler  expression  for  |H..(u)J  ,  we 

have  1 

m  ,«s 


«,b,c 
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(21) 


Note  from  Equation  (20)  that  the  value  of 
H..(co)  is  dependent  on  parameters  at  all 
resonant  frequencies, .  Hence,  Equation 
(21)  has  too  many  unknowns  to  be  solvable. 

To  find  initial,  approximate  values  of  ft  , 
«  ,  andi^as  starting  points  in  a  random  wall 
optimation  method,  the  following  procedure  is 
chosen: 

In  the  close  neighborhood  of4)  ,  only  one 
term  (at 41  )  of  the  series  in  Equation  (20)  is 
significant  [2].  Hence,  as  a  first 
approximation  equation  (21)  can  be  expressed 
as: 

A_ 


Ksa 


Ksb  = 


Ksc  = 


(a$  -a/+ysas2 


<«s  -°b)2+^s«s2 


(«s  ^)2+TsV 


(22) 


where, 


Ksa=  hsa 


etc  ... 


(23) 


As  =  ^s2’^  =ws2,7s 


and  is  now  a  set  of  three  linear  equations  with 
three  unknowns,  A,  a,  ana  y  .  Explicit 
solution  of  the  equations  yields. 


J, 

A 


ct2  ^ 

^a  -^b 
,2  2 
°t.  -o L 
b  c 


a_  =  — 


-1 


-1 


Ksa  "  Ksb 


-1 


-1 


Ksb  -  Ksc 


2^a  "V 
2^b’V 


2  2 
°^a 

2  2 
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(24) 


<KsaAs  + 


A  » 
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‘sa  ~ 

Ksb 

-1 

-1 

‘sb  ‘ 

Ksc 
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Hence,  as  seen  from  equations  (22)  and  (23), 
the  approximate  values  of6)$,7?s  and  are  found 

from  the  experimental  data  only.  Denote  these 
values  by  uSQ,  r)zo>  and  /*  ,  and  the  squared 

values  by  crso,  -yso,  and  Asq.  It  is  noted  here 

that«s,rjs>  and involving  the  mode  shape 

values  at  X.  and  X,,  are  the  quantities  that 
need  to  be  extracted  from  experimental  data  and 
incorporated  into  the  dynamic  model.  So  far, 
approximate  and  initial  values  of  these 
quantities  for  all  m  significant  modes  have 
been  round. 

It  is  postulated  that  the  total  dynamic 
stress  response  is  the  sum  total  of  the 
responses  of  the  m  modes,  and  in  curve  fitting 
of  the  H.  .{(J)  function,  the  theoretical  curve 

'  J 

deriveo  from  che  finite-element  model  should 
match  the  experimental  curve  at  each  of  the 
measured  paints  in  the  ha  If  power  range  with 
minimum  error.  The  initial  theoretical  values 
will  be  progressively  revised  by  a  Monte  Carlo 
method  to  minimize  the  error.  The  function  to 
be  minimized  is: 


E  E  - 

s*l  1«a,b,c,d...\  * 


t«s2) 


Minima  (25) 


Equation  (25)  can  be  efficiently  minimized 
using  the  novel  random  walk  method  described 
in  section  (2.6).  The  steps  for  adjusting  the 
dynamic  model  are  as  follows: 
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Step  1:  Compare  the  natural  frequencies 
Jculated  using  the  unadjusted 
dynamic  mode  to  those  measured, 
for  the  purpose  of  assuring  that 
the  finite  element  model  is 
sufficiently  accurate  to  be 
adjustable. 

Step  2:  Use  Cramer’s  rule  to  approximately 
determined  and  Y  from 
experimental  transfer  functions. 
Consider  the  values  of  A  to  be 
accurate  enough  and  not  needing  to 
be  adjusted. 

Step  3:  Employ  a  novel  random  walk  method 
to  minimize  the  difference  between 
the  analytical  and  measured 
transfer  functions  by  adjusting 
*7S,MS,  and  then’s. 

2.6  Random  Walk  Method  for  Finding  Extrema 

A  customary  method  for  finding  maxima  is 
the  gradient  method  which  requires  determining 
the  direction  of  maximum  change  of  the 
function  by  evaluating  derivatives  with 
respect  to  its  independent  variables.  One 
proceeds  along  one  direction,  or  gradient, 
until  the  function  ceases  to  increase.  At 
this  point  the  gradient  has  changed  and  must 
be  recalculated.  By  repeating  the  process 
until  the  gradient  becomes  zero,  a  local 
maximum  is  found.  To  find  a  minimum,  one 
needs  only  to  find  the  negative  of  the 
maximum. 

Because  of  the  amount  of  computation  in 
derivative  determination,  a  more  efficient 
method  is  to  proceed  along  a  random  direction 
without  determining  the  gradient.  It  can  be 
shown  that  the  expectation  of  the  change  is  in 
the  gradient  direction  and  the  partial 
derivatives  required  *o  determine  the  gradient 
need  not  be  calculated  [3j. 


Figure  1.  Random  Walk  Methoa 


To  illust'ate  the  minimization  procedure, 
consider  the  simple  example  shown  in  Figure  1, 
where  F  is  a  function  of  the  two  dimentional 
space  Starting  with  an  initial  guess 

of  0?,<£>2  which  corresponds  to  the  point  0  in 
the  space,  -F  is  evaluated.  A  random  direction 
is  selected  to  proceed  along,  away  from  0.  A 
point  1  along  the  chosen  direction  is  selected, 
nearby  0,  and  the  corresponding  value  of  -F 
evaluated.  If  the  value  of  -F  has  decreased  at 
1,  select  point  2  at  twice  the  step  size  of  1 
from  0.  If  point  2  is  still  lower,  select  a 
point  3  at  again  twice  the  step  size.  Suppose 
point  3  yields  a  higher  value  -F  than  2.  Then 
return  to  point  2  and  select  a  new  point  at  one 
tenth  the  current  step  size.  By  continuing  in 
this  fashion  until  the  step  size  effectively 
vanishes,  a  point  O’  is  found  at  the  minimum 
along  line  0-3.  From  O’,  another  direction  is 
chosen  at  random  and  the  process  repeated  until 
-F  ceases  to  decrease.  Figure  2  shows  a  flow 
chart  of  the  process. 


It  may  be  seen  that  this  method  has  some  of 
the  characteristics  of  the  method  of  steepest 
descent,  but  it  is  more  efficient  in  that  the 
gradients  in  n-dimensional  space  need  not  be 
evaluated  for  each  step.  In  either  case,  a  new 
problem  arises  when  a  large  number  of  extrema 
with  insufficient  magnitude  to  satisfy  the 
success  criteria  are  present  in  the  space. 

Both  methods  will  stop  at  a  local  extreme  near 
the  initial  starting  estimate  and  proceed  no 
further.  One  approach  is  to  vary  the  initial 
starting  point  throughout  the  n  dimensions 
until  one  that  yields  an  extreme  of  sufficient 
magnitude  is  found.  This  can  quickly  become 
unmanagable  as  n  increases.  One  might  imagine 
a  10-dimensional  analogy  to  finding  the  bottom 
of  a  well  in  a  plain  of  rolling  hills.  An 
approach  is  proposed  here  which  seeks  to  tunnel 
from  the  bottom  of  one  trough  to  the  side  of  a 
deeper  one.  When  a  local  minimum  is  reached, 
the  procedure  begins  to  evaluate  the  function 
in  each  independent  direction,  holding  the  rest 
constant  until  the  function  decreases.  At  this 
point  the  Random  Walk  is  repeated,  yielding  a 
lower  extreme  than  before.  The  large  number  of 
local  extremes,  which  causes  the  problem,  is  an 
aid  to  the  tunneling  procedure  by  making  it 
easy  to  swiftly  find  deeper  and  deeper  holes  in 
the  space. 


The  tunneling  procedure  has  been  applied  to 
the  mode  shape  modification  described  above  and 
found  to  perform  exceedingly  well.  Transfer 
Functions  have  been  optimized  to  match 
experimental  data  wherein  the  differences  are 
indistinguishable  within  the  plotting 
resolution,  when  steepest  descent  proredures 
have  failed  to  make  a  distinguishable 
improvement  using  the  same  amount  of  computer 
resource. 
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2.7  Orthogonality  of  the  Adjusted  tode  Shapes 

Once  the  modal  frequencies  a>  and  modal 
damping  factors  nave  been  modified  to  fit  the 
significant  measured  data,  at  the  candidate 
points  in  the  frequency  regions  resonance, 
these  values  are  considered  satisfactory 
without  further  adjustment.  The  mode  shape 
values  at  the  candidate  points  then  yield 
correct  stresses  at  those  points,  and  these 
can  also  be  left  unaltered.  The  mode  shaoe 
values  at  other  points  of  the  structure,  if 
left  as  calculated  by  the  initial 
finite-element  model,  will  violate  the 
orthogonality  properties  of  normal  modes  when 
combined  with  the  adjusted  mode  shape  values 
at  the  candidate  points.  Figure  3  shows  a 
pictorial  example  of  the  process  of  adjusting 
mode  shapes  for  orthogonality,  while 
preserving  the  correct  responses  at  the 
candidate  points. 


FIRST  MODE  CALCULATED  FROM 
\  INITIAL  dynamic  model 


MlfMilKl  tUM'II 
OrviCul.C  f  h|  AllOWABU 
Of  Th(  Jt»  iNOIRf NO! Nt  V 

•*  <o  raimoio  »**i  i  1 1* 


i’ll  *  »!  I 

A«t|  RANCt 
INT  VARiAHI  I 

I  1  H>  PQWI  m  ) 


f  l|C>0  At  CU**(N7  MINIMUM  LOCATION 
IN  TMt  »»AC*  ANO  UOVI  TO  THt 
MINIMUM  (NO  Of  TM(  HVONAM  RANCt 
iN  tH(  ytN  •NDtrtNtXNT  DiRCCTiOM 
LtAVINC  TM|  VALUCt  IN  TM|  RfMAININC 
CMRIdlON*  UNCHANCIO 

■  1  —  Y 

|  (VuuAU  f  AT  S  IN  OIRICTlON  i 


/  i 

-THt  I*TA(Mf  (110s 

vO*  auowaru  aanoi  IV" 
\  (OMCTIOII’  / 


- - -  dCdNO 

r?Hl  MAI  NUMRt R  of  IN 01  * 
MM  Of  NT 

- - 


Figure  2.  Flow  Chart  of  Random  Walk 
Optimization  Procedure  with  Tunneling 
to  find  decreasing  local  minima 


0,1  MODE  SHAPE  GIVING  CORRECT 

RESPONSES  AT  CANDIDATE  POINTS 


FjnST  MODE  CALCULATED  FROM 
INITIAL  DYNAMIC  MODEL 


0)1  2!?T!!2130NAL  M0DE  G,V|NG  CORRECT 

RESPONSES  AT  CANDIDATE  POINTS 


Figure  3.  Mode  shape  adjustment  process 

Let  the  modal  values  of  all  the  modes  be 
divided  into  two  groups:  those  which  have 
been  adjusted,  and  these  which  remain  the  same 
as  first  calculated  from  the  approximate 
finitecelement  model.  Consider  the  shape  of 
the  sin  mode,  which  can  be  rearranged  and  , 
partitioned  with  submatrices  { p, j  and{rf  ]  , 
the  former  having  adjusted  values,  and  the 
latter  not: 


The  Froperty  of  Orthogonality  requires 

i*yTMws}  =  [I]  (27) 

If  the  modes  are  normalized  to  mass  the 
property  of  orthogonality  requires: 

K1  •  VI  l-^-r-^lfrl-  to  «8) 

•'  LV  "a  *VJ 

from  which  we  obtain  the  matrix  equation: 

Kr  *  “a1  hya  W,  *  *YA  h  *y  ■  mV  \  h  (29) 
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It  should  be  noted  that|0^,|  is  the  only  3.2  Description  of  Test  Methodology 


vector  whose  elements  need  to  be  adjusted  to 
make  both  sides  of  Equation  (29)  identical,  or 
nearly  so.  This  again  can  be  accomplished 
using  the  Sylvester-Brooks  Monte  Carlo  method. 

Most  structures  act  as  low  frequency 
filters,  i.e.  the  dynamic  response  of  the 
structure  to  a  complicated  frequency  forcing 
function  is  significant  only  in  the 
neighborhood  around  the  medal  frequencies  of 
the  structure,  which  are  few  in  number. 

Suppose  for  example  that  there  are  three 
dominant  modes.  Hence  we  can  adjust  mode  1 
first  for  orthogonality  -  Equation  (29)  -  and 
then  adjust  mode  2  to  be  orthogonal  to  mode  1. 
Hex t  adjust  mode  3  to  be  orthogonal  to  mode  1. 

A  further  refinement  is  to  make  mode  2 
orthogonal  to  mode  3.  It  is  thus  seen  that 
this  is  a  feasible  method  to  adjusting  the  mode 
shapes  for  orthogonality. 

3.  ILLUSTRATIPM  CF  THE  METHOD  (EXAMPLE; 

3.1  Selection  of  Test  System 

In  order  to  demonstrate  the  application  of 
the  general  analytical  approach  described  in 
section  2,  a  suitable  structural  system  was 
selected  on  the  basis  of  timely  availability. 
The  system  consisted  of  a  non-uniform 
cylindrical  steel  ring  of  203  mm  (8  inches) 
outer  diameter,  127  mm  (S  inches)  inner 
diameter  and  102  mm  (4  inches)  width.  The 
system  was  being  tested  in  the  process  of 
development  of  a  high-frequency  test  machine 
[4]|,  and  considerable  transfer  function  aro 
modal  data  was  available.  The  system  was  ’deal 
for  the  purpose  of  verification  of  the 
approach,  being  complex  enough  to  test 
available  finite  element  and  mc-dal  analysis 
capabilities,  yet  not  needlessly  1  >.rge  with 
respect  to  number  of  modes,  ’he  test  specimen 
is  illustrated  in  Figure  4,  show’' t  the 
measurement  points  for  accelerometers  and 
strain  gages.  The  specimen  has  seven!  ?Jots 
cut  as  indicated,  leading  to  some  asyiot -.ry  of 
the  dynamic  behavior.  The  ring  was  supported 


on  soft  elastomeric  pads  (IsomodeK 
heavy  fixture. 
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Figure  4.  Test  specimen  with  loading  and 
pickup  points 


The  test  system  used  to  excite  the  specimen 
and  gather  transfer  function  characteristics  is 
illustrated  in  Figure  5.  The  exciting  force 
produced  by  the  small  electrodynamic  shaker  was 
measured  by  a  force  gage,  and  the  response  was 
measured  by  a  minature  accelerometer  placed  in 
turn  at  all  the  selected  test  points,  as  well 
as  by  several  strain  gages,  measuring  the 
surface  strain  in  the  circumferential 
direction.  A  digital  stepsine  system  was 
developed  to  measure  and  store  the 
acceleration,  strain  and  force  signals  for 
stepped  sine-wave  excitation  [5,6J.  In  this 
system,  the  step  interval  and  the  dwell  time  at 
each  frequency  increment,  the  time  for  response 
stabilization  at  each  step,  and  many  other  test 
parameters  could  be  selected  at  will.  A 
schematic  of  the  STEPSINE  system  is  illustrated 
in  Figure  5. 
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figure  j. 


'  nematic  of  STEPSINE  test  system 


3.3  tie  ::u;  ••■d  Transfer  Functions  and  Mode 
Shape.,  1  ~splace»ient  and  Strain 

■*:«.*!  measured  displacement/force 
trar  .er  function  is  illustrated  in  Figure  6. 
Otee  measurements  were  made  by  moving  the 
accelerometer  around  the  ring  at  successive  15 
degree  increments  in  three  axial  planes. 

Major  modes  were  observed  at  about  2820  Hz  (2 
nodal  diameter  symmetric  mode),  4140  Hz  (2 
nodal  diameter  un symmetric  mode),  7480  Hz  (4 
nodal  diameter  symmetric  mode),  along  with 
minor  ones  at  2980  Hz  (2  nodal  diameter 
symmetric  nioue,  doublet  of  that  at  2820  Hz), 
3500  Hz  (doublet  of  that  at  4140  Hz),  6000  Hz 
(1  nodal  diameter  unsymmetric  mode)  etc.  The 
minor  modes  were  not  strongly  excited  because 
the  excitation  point  (0,0)  was  near  a  nodal 
line  for  each  mode,  but  enough  response  could 
be  generated  to  define  the  mode  shapes 
reasonably  well.  Figures  7  ar,d  8  illustrate 
some  of  the  observed  modes. 

Strain  measurements  were  made  at  60  degree 
angular  increments  m  one  plane  (plane  0,)  the 
plane  o'  excitation).  The  number  of  strain 
gages  was  limited  because  of  their  finite  size 
and  the  neeo  to  keep  the  strain  gage  wiring 
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COMPLIANCE  Boo.N/m 


Figure  6.  Typical  measured  compliance 

under  some  control.  The  strain  gage 
measurements  were  made  for  each  gage  In  turn, 
using  the  output  of  a  strain-gage  bridge  to 
give  a  calibrated  signal.  Figure  9  shows  a 
typical  strain-compliance  frequency  transfer 
function.  The  high  noise  floor  for  the  strain 
signals  was  annoying,  but  could  not  be  removed 
at  the  time  of  the  tests.  However,  the 
response  near  each  resonant  peak  was  well 
defined  and  sufficient  for  the  purposes  of  this 
Investigation.  Figure  10  shows  some  measured 
strain  modal  functions  for  the  first  "major" 
modo. 


Figure  7.  Measured  fundamental  symmetric 
moae  (with  unmodified  FEA  results) 


unmodified  FEA  results) 


FHEOOENCY.  Hi 


Figure  9.  Typical  measured  strain  compliance 

3.4  Demonstration  of  the  Dynamic  Model 
Modification  Procedure 

The  Experimental  High  Frequency  Material 
Testing  Device  was  selected  as  the  structure 
to  use  for  demonstration  of  the  dynamic  modal 
modification  procedure  since  it  operates  at 
high  frequency  and  requires  complex  J 
dimensional  analysis  techniques.  The  device 
described  previously  consists  of  a  102  nm  (4 
inch)  thick  steel  ring,  approximately  203  mm 
(8  inches)  outside  diameter  and  127  nm  (5 
inches)  inside  diameter,  with  four  51  mm  (2 
inch)  by  13  mm  (i  inch)  slots  assymetrically 
located.  The  Finite  Element  Model,  shown  in 
Figure  11,  consists  of  20  noded  hexagonal 
elements,  comprising  2562  degrees  of  freedom. 
The  less  complicated  8  noded  hexagonal 
elements  were  first  tried,  and  found  to  yield 
an  unsatisfactory  estimate  of  even  the  first 
natural  frequency  at  2822  hertz.  Clearly, 
many  of  the  complexities  of  modern  day 
analytical  technique  are  present  in  this 
example. 
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CIRCUMFERENTIAL  STRAIN 


Figure  10.  Measured  strain  modal  function  for 
first  symmetric  mode  (with  unmodified 
FEA  results) 

The  dynamic  model  modification  was 
performed  as  described  in  the  detailed 
discussion  of  the  procedure.  The  finite 
element  normal  modes  analysis  was  performed 
using  the  qualified  MSC/NASTRAN  solution  3.  A 
DMAP  alter  was  written  which  directly  saved  the 
modal  matrix  in  0UTPUT4  format  for  subsequent 
direct  access  by  the  modification  procedure 
computer  program.  The  initial  finite  element 
model,  using  8  noded  hexogonal  elements,  was 
found  to  be  inadequate  for  realistic 
modification.  Therefore,  the  idealization  was 
repeated  using  20  noded  hexagonal  elements, 
totaling  2562  degrees  of  freedom  and  yielding 
results  satisfactory  for  use  as  a  starting 
approximation  for  the  modification  procedure. 
Table  2  compares  the  experimental  and 
analytical  results  for  the  first  eight  modes. 


Figure  11.  2562  Degree  of  Freedom  Finite 
Element  model  of  Experimental 
High  Frequency  Fatioue  Test  machine 


The  Transfer  Function  (T.F.),  relating  the 
force  at  the  shaker  input  location  (see  Figure 
11)  to  displacement  at  the  same  location,  was 
chosen  for  this  example.  Figure  12  shows  a 
comparison  of  the  experimentally  measured 
transfer  function  (from  Fig.  6)  versus  the 
analytically  calculated  transfer  function.  The 
parameters  used  for  the  analytical  function 
were  the  unaltered  first  eight  analytical 
natural  frequencies  and  mode  shapes,  plus  the 
initial  experimental  estimates  of  the  damping. 
Table  3  lists  the  parameters  for  the  first 
analysis  approximation. 


WO  JiOO  *000  *400 
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Figure  12.  Comparison  of  unmodified 

analytical  transfer  function 
with  experiment 


table  2.  cwi’ttisos  or  experikehtai.  home  be  suits  kith  the 


APPROXIMATE  ANALYSIS 

Ko4t 

Experimental 

Analyticel 

Experimental 

Nutfcer  Frequency  Hr 

Frequency  Hz 

Modal  Deeping 

1 

2850 

2tsS3 

0.0024 

2 

2973 

293? 

- 

3 

3498 

3391 

- 

4 

4163 

3979 

0.0010 

S 

5957 

59X2 

- 

6 

7060 

7213 

- 

7 

7488 

7493 

0.0041 

8 

8034 

760S 

- 

TABLE  3.  UHIKPROVED  UiAlVTICAE,  TRANSFER  FUNCTION  PARAMETERS 


Mode 

Frequency 

Modal 

MoOe  Shape 

•*Ri*txr 

Hr 

Damping 

at  '-.t  .  loca 

1 

2863 

0.0014 

4.4$2 

2 

298*2 

0.0014 

-.1981 

3 

33^1 

0.0014 

.008689 

4 

3979 

0.001G 

5.622 

5 

5942 

0.0010 

-.2115 

6 

7113 

O.OCSO 

-.7850 

7 

7493 

0.004: 

-4.360 

8 

7605 

0.004J 

-2.736 

The  first  step  in  adjusting  the  analytical 
model  was  to  estimate  the  effective  modal 
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parameters  from  the  experimental  transfer 
function  that  was  being  matched.  Since  the 
experiment  was  performed  at  discrete 
frequencies  20  hertz  apart,  a  fitting  procedure 
was  needed  to  interpolate  for  the  actual 
natural  frequency  and  apparent  damping.  The  3 
point  fit  described  in  Section  2  was  used  to 
determine  the  parameter  estimates  listed  in 
Table  4  for  the  2  dominant  modes  (first  and 
fourth)  of  the  response. 

Next,  the  estimated  experimental  damping 
and  natural  frequencies  were  substituted  into 
the  analytical  model,  leaving  only  the  mode 
shapes  to  be  corrected.  The  Random  Walk  Hole 
Seeking  procedure  described  above  was  used  to 
determine  the  combination  of  the  eight 
parameters  best  matching  the  analysis  to  the 
experiment.  Figure  13  illustrates  the 
improvement  realized.  As  can  be  seen,  the 
agreement  is  very  good  in  the  area  around  the 
two  major  responses,  which  is  the  area  of 
interest.  However,  it  is  also  seen  that  the 
modal  damping  for  the  second  major  mode  is  too 
low.  The  next  step  would  be  to  add  the  modal 
damping  to  the  list  of  parameters  for 
optimization  and  repeat  the  procedure. 

However,  this  would  increase  the  cost 
significantly  since  changing  the  damping  forces 
a  recalculation  of  the  complex  admittance  at 
each  of  thousands  of  tries  in  the  Random  Walk 
procedure.  By  estimating  the  needed  change  in 
damping  from  the  plot,  one  can  effectively 
improve  the  bandwidth  characteristic  for  each 
mode  without  resort  to  a  computer  algorithm, 
and  then  perform  the  optimization  of  the  mode 
shapes  as  before  with  the  new  damping  estimates 
fixed.  Figure  14  shows  the  final  result 
obtained  in  this  fashion.  As  can  be  seen,  it 
is  suitable  for  use  in  the  most  precise 
analysis.  Table  5  shows  the  final  analysis 
parameters  used  to  generate  Figure  14  and  the 
percentage  changes  in  the  original  analysis 
parameters  required  to  effect  the  change.  The 
final  model  agrees  quite  well  the  experiment 
without  major  changes  from  the  original 
approximation. 


Figure  13.  Comparison  of  analytical  and 

experimental  transfer  functions  after 
modification  of  analytical  mode  shape 


Figure  14.  Comparison  of  modified  analytical 
and  experimental  transfer  f unci  tons 

4.0  CONCLUSIONS 

The  main  conclusions  of  the  investigation 

are: 

(a)  A  dynamic  model  for  predicting  failure 
of  a  structure  has  been  outlined,  which  needs 
only  to  represent  the  true  state  of  s<.  sses  at 
the  structural  location  where  failure  occurs. 

It  can  represent  the  rest  of  the  structure  in 
an  approximate  manner.  See  Figure  15  for  a 
flow  chart  of  the  approach. 

(b)  A  procedure  is  devised  to  find 
candidate  locations  which  include  the  critical 
location.  Subsequent  dynamic  analysis 
determines  the  location  of  failure. 

(c)  Displacements,  accelerations  or  dynamic 
stresses  at  critical  locations  of  the  structure 
can  be  used  as  criteria  for  the  modification  of 
the  dynamic  model  from  measured  test  data.  The 
number  of  load  application  points,  and  of 
candidate  structural  points,  determines  the 
minimum  number  of  Icad/strain  measurements 
required  to  define  the  model. 

(d)  It  was  found,  by  a  Random  Walk 
approach,  that  the  revised  structural  mode 
shapes  would  be  perturbations  of  the  originally 
calculated  mode  shapes,  and  yet  preserve 
orthogonality  relative  to  one  another.  More 
importantly,  they  produce  the  correct  stresses 
at  the  critical  point  of  the  structure  under 
any  given  deterministic  or  random  dynamic 
loads.  The  essence  of  the  Random  Walk  approach 
is  illustrated  for  a  two  dimensional  case  in 
Figure  16.  A  Flow  Chart  is  given  in  Fig.  2. 

(e)  The  procedure  has  been  proven  and 
tested  by  analytical  and  experimental 
evaluations  performed  on  the  structure  of  a 
prototype  high  frequency  test  machine. 


41 


uITuj^jAjX  i 


"  i  * 
>> 
•-Vs 
VA 


REFERENCES 


TABLE  4.  3  POINT  FIT  OF  DISCRETE  EAPEFIMEN7AL  OATA  FOR 
ESTIMATION  CF  MODAL  PARAMETERS 


Jtodc  Kwber 

I 

4 

2800  Hz;  -90.188  Decibels 

4120  Hz; 

-94.230  Decibels 

Points  Fit 

2820  Nr;  -81.429  Decibels 

4140  hz; 

-84.6937  Decibels 

2840  hi;  -87.971  Decibels 

4160  Hz; 

-86.916  Decibels 

Estlwtea 

Natural 

Frequency 

2823.06  Hz 

4146.46  hZ 

Estimated 

Modal 

btspfng 

0.00593 

0.00216 

TABLE  5.  FINAL  ADJUSTED  ANALTSIS  MODEL 


Frequency 

fedal 

Mofie  Shape  B 

Percent 

Hertz 

Damping 

T.F.  Location 

Change 

2823 

.00673 

4.958 

11.4 

2973 

.0014 

-.1934 

2.37 

3460 

.0014 

.009556 

9.96 

4148 

.0062 

6.242 

11.0 

5997 

.0010 

-.1045 

6.23 

7112 

.0010 

-.8454 

-7.65 

7486 

.0041 

-.4163 

4.62 

7604 

.0042 

-.2657 

1.44 
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APPENDIX  I 

STRAIN  AND  STRESS  TRANSFER  FUNCTIONS 
1.  Transfer  Function 


ITS.  Tit  Ml«T  C**>»OATI 
►Owrr*  TO*  r»jum 
N  !*./  vtiwC  Mkmuwt 

MOOCt  U » 1*00 


m»o»»  (iPtMnm 

WfAtUfctO  OuMTltaO 
o*  miftn  at 

CAMWaTi  «o«it 


OPTM»iT»>o* 
OP  BObAl  1' 

CAT*;*,  KCUUTI  ATiirVS 
•OCIi  I*0»»<*T<W| 


PlitOm  MKUki 
fttauCnxut  uuivt  »©* 
f«M  to 

MTIM**!  aCCIPTaKI 
CarttMA 


These  functions  measure  the  dynamic  strain 
and  stress  responses,  as  functions  of  frequency 
at  one  location  of  a  structure,  as  caused  by  a 
harmonic  input  of  force  or  acceleration  at 
another  location  of  the  structure.  Let  the 
stress  or  strain  response  as  functions  of  time, 
t,  be  denoted  by  0(t),  the  output;  and  the 
force  or  acceleration  by  l(t),  the  input.  Then 
the  transfer  function,  H(u>)  is  defined 
mathematically  as 

H(o)  =  X  WO]  (1.1) 

Tvrtir 

where <£.  is  the  Laplace  transform  with  all  the 
initial  conditions  of  the  system  equal  to  zero. 

2.  Stress T  Strain  and  Displacement 
Relationship  of  an  8-node,  3  Dimensional  Finite 
Element. 

Consider  a  3-D  finite  element  inside  a 
thick  ring  as  shown  in  Figure  17.  We  wish  to 
obtain  the  expressions  for  the  stress  and 
strain  at  any  point  inside  the  element  as 
functions  of  displacements  at  the  8-nodes  of 
the  element. 


Figure  15.  Flowchart  of  failure  prediction 
approach. 


Let  X.,  Xy,  X,  and  r,,  r0,  r,  denote  the  global 
and  natural  coordinate  systems,  respectively, 
as  illustrated  in  Figure  18. 

The  interpolation  (or  shape)  functions  of  the 
nodes  are  given  by 
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N(1)  =  (l/8)(l+r1)(l+r2)(l+r3) 

N(2)  =  (l/8)(l+r1)(l-r2)(l+r3) 

N(3)  =  (l/8)(l+r1)(l-r2)(l-r3) 

N{4)  =  (l/SHl+r^U+^Jd-^)  (1.2) 

N(5)  =  ( 1/8) ( 1-rj) ( l+r2) ( l+r3) 

N{6)  =  (l/8)(l-r1)d-r2)(l+r3) 

N(7)  =  (l/8)(l-rj}(l-r2)(l-r3) 

N(8)  =  { 1/8) { 1-rj) ( l+r2) ( l-r3) 

The  structural  point  in  question  will  then 
have  the  global  coordinates  (X.,  X2,  X3).  As 
an  example,  the  X,  component  is  given  By  the 
following  expression: 

X1  =  N^1^X1^17+n(2^x(|)+ . +N^X^-  (1.3) 

where,  X^  is  the  X.  component  of  node  (1), 
etc.  1 

Using  the  concise  tensor  notation,  the 

coordinate  components  of  the  structural  point 
are  written  as: 

X.  =  N{k)X(k)  (1.4) 

and  the  displacement  components  as: 
it  =  N(k>u<k>  (1.5) 

with  i  =  1,  2,  3;  k  =  1,  2,  - -,  8. 

How  an  element  of  the  strain  vector, 

l*}7  =  [*11  *22  *33  2 *12  2 *23  2*3l]  t1*6) 

is  given  by 
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Derivatives  using  global  coordinates  as 
independent  variables  in  terms  of  natural 
coordinates  take  the  following  form: 
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where  the  square  matrix  is  called  the  Jacobian 
operator  matrix,  [Jj.  Hence  we  obtain 


■$qj 

=  Co]'1  4^2 

I  ?  3 

N  K. 


From  equations  (1.6),  (1J),  ano  (1.9)  a 
mathematical  operation  yields 


{«}  =  CB]{u} 


(1.10) 


r  )T  r(l)  (1)  (1)  (2)  (2)  (2)  (8)  (8)  (6L  . 

W  *LU1  »2  "3  U1  "2  u3—‘  “1  u2  “3J  l1-11) 
and  the  strain  displacement  transformation 
matrix;  _ 
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where  the  full  [8]  matrix  has  6  rows  ana  24 
columns,  and  its  elements  are  written  in 
tensor  notation,  thus 


<3  -  4  if’ •  *3  E£"  .^"(1.13) 

The  stress  vector  (in  global,  rectangular 
coordinates)  is 

MT  =  t<Tn  <722  °33  °12  °23  °31^ 

This  can  be  derived  from  the  strain  vector  by 
the  stress-strain  transformation  matrix,  [Cj, 
obtained  from  the  theory  of  elasticity.  For 
an  isotropic  material,  we  have: 
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where  E  =  Young's  modulus  and  o  =  Poissor.s 
ratio. 


The  stress  vector  is  then  given  by: 

H=[C]{*}=  [C][B]{uJ  (1.16) 

which  relates  the  stress  state  of  a  point 
(e.g.  the  center  or  a  Gauss  quadrature  point) 
in  the  finite  element  to  the  displacements  at 
all  the  nodes  of  the  element. 

3.  Stress  and  Strain  Transfer  Functions 

Consider  a  piece  of  structure  such  as  the 
thick  ring  in  Figure  17,  excited  by  an 
external  force  f(t)  at  a  point  of  application. 
The  dynamic  stress  ar.o  strain  at  a  chosen 
location  (enclosed  by  the  3-D  finite  element) 
are  being  investigated.  The  dynamic  stress 
can  be  harmonic,  transient  or  random.  For  all 
of  these  cases  if  the  stress  transfer 
function,  Hfu)  (the  stress  response  as  caused 

by  the  harmonic  force,  f(t)  =  e141*)  is  found, 
then  the  dynamic  responses  to  the  different 
types  of  input  loads  can  be  obtained. 

Rewriting  Equation  (1.16)  we  obtain: 


{«-(t)}=[G]  [  u(t)} 
(6x1)  (6x24)  (24x1) 


[6]  -  [C]  [B] 

(6x24)  (6x6)  (6x24) 


(1.17) 


(1.18) 


is  the  stress  displacement  transformation 
matrix.  Explicitly,  it  can  be  written  as: 
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Figure  16.  Two  dimensional  random  walk 
procedure. 

It  is  seen  that  the  stress  time  functions  are 
linear  combinations  of  the  displacement-time 
functions.  Let  a  Laplace  transform  be 
performed  on  each  of  these  quantities  and  the 
result  be  divided  by  the  Laplace 
transform, <£  [f(t)]  of  the  force  input.  It  is 
noted  that 


ui  {u>)~  X[f(t)] 


(1.20) 


is  the  displacement  transfer  function  of  the 
degree  of  freedom,  u^t),  and 


H  a  <,-(“)= 


■XfriUJj 


(1.21) 


is  the  stress  transfer  function  of  o.j(t). 
id!  (ui”  io)l 
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C£xt<o  at.  *  j) 


is  the  stress  transfer  function  matrix  sought. 

A  similar  development  yields  the  strain 
transfer  function  matrix. 


{•v,5^}*  [3]K!i(U3l 

(6  x  1J  (£*2£)  x  1) 


(1-24) 


The  analytical  strain  transfer  function  is  very 
useful  because  it  can  be  compared  with 
processed  strain  measurement  data  directly. 
Given:  Xj,  X X3  =  global  coordinate;  rj. 
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r-,  r,  =  natural  coordinates;  i),!;,?  =  local 
coordinates  (same  directions  as  x»s»t);  V  = 
unit  vector  in  the  r  direction;  V  =  unit  r 
vector  in  the  s  direction;  Vt  =  Dnit  vector 
in  the  t  direction.  ' 

Define  the  strain  tensor  in  the  global 
coordinate  system,  Xj,  X2>  X3: 

^*■^■[*11  *22  *33  2<12  2  *23  2  ^  13  ] 

Define  the  strain  tensor  in  the  local 
coordinates  17 ,  £ ,  f : 

=  [*%  *rr 2bs  2%  2v] 

Then: 
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and  V  ,,  V  .,  ant)  V  are  cogjponents^of  the 
direction  cosines  (vectors  V  ,  V  ,  V  ) 
orientation  of  the  natural  and  local1 
coordinates  with  respect  to  the  global 
coordinates  X^,  X2,  X3-  Also: 


The  transformation  matrix  [T]  is  derived 
using  tensor  analysis.  The  transformation  of 
tensor  is  performed  as  shown  in  Figure  20. 

The  vectors  e.,  e2>  e,  are  the  basis  vectors 
of  the  coordinate^systen  X.,  X?,  X,  and  define 
the  orientation  of  this  coordinate^systea. 
A1soa  e.=t  Xe,  .  The  basis  vectors  e,, 
e£,  e£  define  the  coordinate  system  X'  X7T, 

Xj.  Cet  the  cosines  of  the  angles  between  the 
primed  and  unpriced  base  vectors  be  denoted  by 

Pij*  ie 

=  cos  (e j ,  ej) 

The  primed  coordinates  can  then  be  defined  in 
index  notation  by 


=  P. .X. 

1  O  j 

Therefore  the  first  order  tensors 
are  related  by 


c'. 
*»  1 


and  t 


The  second  order  tensors  t/.  and  t. ,  are 
related  by  the  relation  3  ' 


tij  =  PikPjftkf 

The  strain  vector  is  actually  a  second  order 
tensor.  2nd  order  tensors  have  nine 
components  while  first  order  tensors  have 
three.  Only  six  of  the  strain  components  are 
independent  through.  In  the  transformation 
matrix  [T]  the  direction  cosines  P.  -  ere 
represented  by  Vn-,  V$.,  and  V  ..  3 

As  an  example,  consider  the  cylinder  whose 
axis  lies  along  the  X,  coordinate  direction  as 
shown  in  Figure  21.  Consider  a  strain  gage 
oriented  at  an  angle  0  from  the  X2  axis  with  t 
normal  to  the  surface  of  the  gage^and  r 
perpendicular  to  the  gage  length  and  parallel 
to  Xj.  For  this  example: 


Vrl  =  1  and  Vr2  and 


Vr3=° 


vsi  =  0  Vs2  _  sin{0),  Vs3=-cos(6) 
Vtl  ‘  °*  Vt2  =  cos(6)-  Vt3  =  sin(6) 


The  strain  can  be  calculated  at  any  point  or 
direction  in  the  cylinder  as  long  as  the  proper 
direction  cosines  transformation  is  used. 
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Figure  17.  3-D  finite  element  in  trie*  ring. 
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OPTIMIZED  STRUCTURE  DESIGN 
USING  REANALYSIS  TECHNIQUES 


?.  H.  CHD.  T.  E.  Poliak.  J.  C.  Reubei 
RCA  Astro  Electronics 
Princeton .  New  Jersey 


-21S  ?2-?er  presents  a  nev  approach  for  ootinination  of  large 
structures  with  frequency  constraint,  lie  REANALYSIS 
technique  is  used  to  iteratively  evaluate  feasible 
directions  for  achieving  uptimes  solutions.  Software  was 


accuracy  of  this  approacn . 


NOMENCLATURE 

1  •  number  of  neasured  natural 

frequencies 

n  -  nusber  of  degrees  of  freedoc 

r  *  nusber  of  nodes  used  in  the 

REANALYSIS  f emulation 

iMj  »  original  system  mass  natnz 

[S]  *  original  systea  stiffness 

matrix 

(A  Mi  *  notified  Mass  natris  in  S  n) 

;  A  E';  *  notified  Stiffness  natris 

( n  2  n  ‘ 

! Knew i  *  new  nass  natris 

(anew}  *  new  stiffness  natris 

?u>  -  system  displacement  vector 


ngs  and 


INTRODUCTION 

Minimus  w 
structure  v 
constraints  is 
Although  auec  ■ 
field,  many  pr 
of  the  sign! 
optimisation 
weight  design 
computational 
sathesatical 
direct  iterat 
( Reference  1 i  - 


eight  design  of  a  large 
1th  natural  frequency 
not  a  recent  problem - 
work  has  been  cone  in  this 
obless  still  remain.  One 
ficant  drawbacks  m  using 
techniques  for  minimum 
of  these  structures  is  the 
time  required  to  solve  the 
models .  especially  when 
ion  methods  are"  used 


a  a  recent  years  sensitivity 
analysis  has  been  is* lecented  into  the 
frequency  optimisation  problem.  In  this 
saner .  another  efficient  anprcach  is 
proposed  by  integrating  the  ‘  PEAK ALT SIS 
technique  (Reference  2-  with  the 


computation  requirement*  whan  solving 
the  struotural  problem.  The  method 
resented  applies  the  REANALYSIB 
eohnique  to  iteratively  reevaluate  an 
analytioal  model.  The  REANALYSIB 
procedure  is  general  enough  for  an 
analyst  to  use  on  a  large  class  of 
structural  weight  optimization  problems, 
The  NASTRAN  analyser  was  ooupled  to  the 
CONMIN  optimization  oode  (Reference  0} 
for  purposes  of  illustrating  a  Spaoe 
Truss  example  problem, 

OPTIMIZATION  PROBLEM 

The  space  frame  structural 
optimization  problem  may  be  stated  as 
follows:  find  a  minimum  weight  design 
suoh  that  tho  natural  vibration 
frequencies  and  all  structural  design 
variables  remain  within  specified 
limits.  For  the  oaoe  where  geometry  and 
materials  are  defined,  the  design 
optimization  problem  can  be  formulated 
a  a : 


Minimize  F(x) 


Subject  to  : 
GJ(X)SO  J-l.a 
XlllxKXiu  i-l.b 


F(x;  is  oalled  the  objective 
funotion  (the  weight  of  the  struoture), 
The  components  Xi  of  X  are  independent 
design  parameters  (physical  properties 
for  the  problem  considered),  Xil  and 
Xiu  represent  lower  and  upper  bounds  of 
the  design  envelope  for  the  i  th 
parameter,  GJ  represents  constraints  on 
frequenoy.  Inequality  constraints  GJ(x) 
are  the  response  limits  imposed  on  the 
design,  For  example,  the  frequenoy  may 
be  limited  to  the  bound  fb  so  the 
constraint  funotion  is  written  in 
normalized  form  as: 


(fi/fb)-lS0 


This  problem  is  an  implioit 
nonlinear  nonoonvex  problem  for  which 
approximate  solutions  oan  be  obtained, 
in  principle.  by  iterative  solution  of 
feasible  directions.  In  actuality, 
beoauee  a  largo  number  of  eigenvalue 
problems  have  to  be  solved  in  the 
optimization  proooss  th!o  may  be 
Infeasible,  A  more  practical  approaoh 
may  be  to  solve  approximate  eigenvalue 
problems  of  reduced  dimensionality  while 
preserving  the  essential  features  of  the 
original  problem.  If  the  approximate 
I roblem  is  a  good  representation  of  the 
<  riginal  problem  tho  aoouraoy  of  the 
solution  will  be  close  to  the  exact 
solution. 


The  number  of  in<  opendent  deeign 
variables  oan  be  reduced  by  linking 
deeign  variables,  This  method  used  in 
oonjunotion  with  REANALYSIB  will  tend  to 
furthor  reduoe  the  slz  of  the  probler 

REANALYSIB  FORMULATIO  FOR  EVALUATE 
FEASIBLE  DIRECTIONS 

A  method  of  free  vibration 

REANALYSIB  wae  deve)  >ped  at  RCA  Astr  / 
for  application  tc  NASTRAN,  Th-) 
formulation  of  th#  uationr  of  motion 

are  summarized,  Co.  ;lder  v  9  mod? 
formulation  of  a  stru'  sure  givo:  by: 

[M3  {u}  +  (KJ  )  -  '0  (1) 

The  size  of  the  riginal  mss  and 
stiffness  matrices  : eflect  tie  degree: 
of  freedom  of  the  model.  Modify  th 
mass  end  stiffness  matrices  as  follows. 

[Mnew]  -  [M]  +  (AM)  (2 


[Knew]  -  [K]  4  [AK]  (3) 


The  now  eigenvalue  problem  fc  this 
system  is  : 


[Mnew]  ( u ' }  *  [Knew]  { u ' )  -  (0)  (4) 


The  mode  6  ape  corresponding  to  the 
freq  lenoy  is  simply  given  by: 

(u'l  -  [0uJ  )  (0) 


Bubstitutir  (2),  (3)  aid  (0)  int  >  (4) 

and  premull  lply  by  l  (J)  uF  obtaining 

dMgen]  *  4>u]t(AM]  l(|)u])  Iq'J  ■» 

([ktfen]  ♦  i(j)u]^[AK]  Upu])  iq'  I  -  101 

Note  that  ([Mgen]  ♦  [(bu  i^A.M  3  ( 4>  u  )) 
results  in  a  matrix  01  m  by  m  size, 

REANALYSIB  is  an  rf feotive  ,hod 
whioh  oan  be  used  to  estimate  th  new 
charaoteristios  of  the  ctruoture,  fter 
modification,  using  information  fro.  the 
original  struoture,  The  prooi  ,ure 
provides  rapid  turn-around  of  design 
changes  to  assist  In  structural 
optimization, 

REANALYSIB  uses  2  iduoed  size 
matrioos  to  reformulate  the  system 
equations,  The  number  of  modes 
requested  (m)  is  obosen  to  oontain  he 
flexibilities  important  tc>  the  des.  ;n 
variables.  Tbe  time  '"-..vines  does  not 
depend  on  the  numbe  of  ohange* 
in  [K)  or  [ M ]  .  moe  ohangltg 

all  elements  takes  the  sc  ie  reduoed  time 
to  reevaluate  as  the  eff  ;ot  of  a  single 
variable  ohange. 
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EXAMPLE 

The  space  truss  is  a  frame 
structure  which  can  be  connected  to  a 
spacecraft  to  carry  a  payload  (Reference 
7 ; .  The  finite  element  model  is  shown 
in  Figure  1 .  The  li nes  represent 
sections  of  rectangular  beams.  The 
frame  is  fixed  at  the  four  points 
indicated  in  six  degrees  of  freedom. 
The  frame  supports  a  total  payload  of 
856  lbs  which  is  represented  by 
concentrated  masses  in  the  finite 
element  model.  Concentrated  masses  are 
located  at  grid  points  listed  in  Table 
1.  A  lower  limit  is  placed  on  the  first 
mode  natural  frequency  of  54.3  hz.  The 
only  other  constraints  imposed  on  the 
design  are  to  prevent  singularity. 


CHIP  FOIWT 


25^ 

91 

70 
192 

(0 

71 
71 


COWCtMTHATtP  WtlCMT 


42.0  lbs 


14.7  1U 


$501  } 


411.1  lb* 


TABLE  1 


minimum  design  variables  of  Area  >-.001 
in  have  been  imposed.  The  design 
stayed  in  the  feasible  region  during  the 
entire  optimization  prooess  The  full 
solution  io  compared  with  the  results  of 
REANALYSIS  in  Tabr.e  2. 


C?U  TXKS  VAX  11/710 
(MINUTES  SEK  EACS 


TRSOOX) 

WT(LBS) 

NODAL  ANALYSIS 

XnltUl  Doslfn 

$4.1 

402.5 

- 

Optlalitd 
(Direct  Iteration) 

$4.1 

341.9  • 

4.97 

OptiaUod 

S4.1 

341.1 

2.97 

(Rttnalysls  Solution} 


TABLE  2 


SUMMARY 

Effective  linkage  to  a  general 
purpose  optimization  routine  completes 
the  structural  lor*.  by  effectively 
providing  iterations  on  design  variables 
which  will  fine-tune  the  simulated 
structure.  Figure  2. 
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The  proposed  system  can  be  used  to 
solve  a  wide  spectrum  of  structural 
optimization  problems.  The  NASTRAN 
finite  element  analysis  code  was  chosen 
as  the  structural  analyzer  because  of 
its  widespread  industry  use.  An 
application-  of  the  technique  to  a  truss 
structure  using  REANALYSIS  is  presented. 
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ABSTRACT 

The  present  paper  establishes  a  theory  that  can  be  used  to  evaluate 
the  reliability  of  a  generic  class  of  nonlinear  system,  especially  for 
the  structural  system  shows  stiffness  and  strength  degradations.  The 
response  random  process  is  modeled  as  a  Markov  chain  in  a  random 
environment  (MCRE).  The  random  characteristics  of  the  nonlinearity  of 
the  structural  system  is  represented  by  a  random  process,  which  is 
called  structural  noise.  The  structural  noise  is  evaluated  only  when 
the  energy  dissipation  sequences,  which  is  a  random  environment,  is 
given.  Tne  intensity  of  the  structural  noise  is  deterministic  if  the 
structural  system  is  linear.  However,  for  highly  nonlinear  structural 
responses,  such  as  the  concrete  structures  subjected  to  large 
excitation,  the  intensity  of  the  structural  noise  changed,  and  its 
probability  density  function  is  evaluated  for  the  independent  case.  The 
first  passage  probability  and  mean  square  response  are  also  computed  in 
the  numerical  examples.  _ _ _ 


1.0  INTRODUCTION 

When  a  structure  of  frictional  materials, 
such  as  reinforced  concrete,  is  subjected  to 
strong  random  excitations,  the  structure  may 
undergo  inelastic  deformations  during  certain 
cycles  of  loading,  with  associated  cvclic 
degradation  in  stiffness  cr  strength,  or  both. 
The  exact  nature  of  system  degradation  is  a 
function  of  the  structural  materials  and  the 
configuration,  and  may  vary  considerably  from 
structure  to  structure.  Basically,  the 
deteriorated  phenomenon  is  due  to  the  exten¬ 
sion  of  crack  in  the  concrete,  bond  deterio¬ 
ration,  bar  slippage,  shear  deformation,  and 
inelastic  deformation  of  reinforcement.  The 
most  important  factor  is  the  opening  and 
closing  cf  the  crack  in  the  structure  that 
alternate  between  compression  and  tension 
during  the  response  cycle.  Thus,  the  opening 
and  closing  of  these  cracks  may  eventually  lead 
to  a  deteriorated  stiffness  ana  strength.  As  a 
consequence,  energy  is  dissipated  through  the 
degraaaled  hysteresis.  It  has  been  experimen¬ 
tally  verified  by  Ju  et  al  111  that  the  rate  of 
degradation  is  related  to  the  energy  dissipation 
through  the  degrading  restoring  hysceretic  loop. 


Deterministic  models  that  vere  used  to 
predict  the  behavior  of  degradation  in 
stiffness  and/or  strength  nas  been  studied 
extensively.  Among  these  are  Taketa  and  Sozen 
12],  Saiidi  and  Sozen  13),  Sucuoglu  et  al  [41. 
and  some  otners  [S.G1.  However,  because  of  the 
randomness  in  excitation  and  the  considerable 
variation  of  the  system  degradation  from  struc¬ 
ture  to  structure,  the  stochastic  evaluation  of 
the  stiffness  and  strength  deterioration  becomes 
a  necessity. 

Quite  frequently,  the  excitations  of  the 
structural  system  are  not  predictable. 

Examples  of  such  loading  sources  are  earth¬ 
quake,  wind,  aerodynamic  loads,  etc.  Under 
these  types  of  excitations,  the  structural  res¬ 
ponse  apparently  behaves  randomly.  The  random 
characteristics  of  the  loading  sources  together 
with  the  random  system  degradation  lead  to  the 
desire  of  a  coherent  damage  model  that  can  be 
used  to  assess  the  reliability  of  such  system. 

There  are  several  works  [7,0,91  studied  the 
random  vibration  of  the  degrading  system. 
However,  they  either  considered  only  the  random 
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characteristics  of  degrading  system  as  a 
random  variable  or  didn't  consider  the  random¬ 
ness  of  the  system  degradation.  In  practice, 
the  randomness  of  the  excitation,  together  with 
the  randomness  of  the  system  degradation,  will 
lead  to  the  randomness  of  the  deteriorated 
restoring  force  to  be  a  random  process,  which 
we  refer  as  structural  random  noise.  The  char¬ 
acteristics  of  the  structural  noise  will 
discussed  in  Section  2. 

It  is  noted  that  the  prediction  of  reli¬ 
ability  and  assessment  of  damage  depend  upon 
the  proper  modeling  of  such  structures,  taking 
into  consideration  of  the  random  characteristics 
of  the  materials  as  well  as  the  excitations. 
Therefore,  the  present  paper  establishes  such  a 
model  that  can  be  used  to  predict  the  reliabi¬ 
lity  of  a  generic  nonlinear  structural  system, 
especially  for  those  show  stiffness  and 
strength  degradation 

2.  FORMATION 

The  nonlinear  system  to  be  considered 
herein  is  a  single-aegree-of-freedom  (S'JF) 
system,  as  shown  in  Figure  1,  with  the  governing 
differential  equation  of  motion 

m  }  +  c  j  +  R(j)  =  f(t)  (i) 

where  m,  c  are  the  mass  and  damping, 
respectively;  f(t)..is  the  external  random 
excitation,  f,  f,  f  are  the  displacement, 
velocity  and  acceleration  response  of  the  stru- 
tural  system,  respectively.  K(y)  is  the  system 
hysteretic  restoring  force.  In  this  investiga¬ 
tion,  m,  c  are  assumed  to  be  deterministic  and 
constant.  Further,  it  is  assumed  that  f ( t)  is  a 
band  limited  zero-mean  stationary  wnite  noise 
with  constant  power  spectral  density  namely, 

Etf(t>f<s)]=$ff6(t-s).  The  behavior  of  the  sys¬ 
tem  hysteretic  restoring  force  for  system  that 
shows  stiffness  and  strength  degradation  has 
been  studied  extensively.  A  typical  behavior 
of  such  hysteretic  loop  subjected  to  monotonic 
increasing  loading  is  shown  in  Figure  2  1101. 
Among  those  system-degradation  hysteretic 
moseis,  the  Q-hysteresis  can  reproduce  the 
behavior  of  system  degradation  in  a  simple 
and  efficient  way.  Hence,  it  is  adopted  here 
in  the  present  study  to  describe  the  determi- 


R(z) 
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Fig.  1:  The  SDF  System. 


nistic  behavior  of  system  degradation.  The 
rules  of  Q-hysteresis  are  summarized  in  Figure 
3  [31,  in  which  k,  is  the  initial  stiffness. 
The  unloading  stiffness  k3  is  determined  by 


k,  =  ks  ( 


h 


rmax 


)  y=o.4. 


(2) 


It  is  noted  that  the  the  parameters  ki , 
i=l,... S  in  Figure  3  define  the  rules  of  load¬ 
ing,  unloading  and  loading  reversal.  On  a 
simpler  level,  all  these  parameters  can  be 
assumed  that  they  do  net  manifest  any  random¬ 
ness.  However,  on  a  more  realistic  level,  all 
these  parameters  can  not  accurately  describe  the 
origional  behavior  of  system  degradation.  More¬ 
over,  due  to  the  material  randomness,  even  two 
identical  samples  can  not  yield  the  same  hyste¬ 
retic  curve  as  shown  in  Figure  2.  Therefore, 
the  error  that  between  real  behavior  of  system 
degradation  and  the  model  we  developed,  together 
with  the  random  characteristics  of  the  material, 
lead  us  to  the  realization  that  the  hysteretic 
restoring  force  must  behaves  randomly. 

Further,  in  view  of  the  fact  that  the 
restoring  force  is  a  function  of  the  random 
displacement  response,  the  randomness  of  the 
hysteretic  restoring  force  must  be  time 
dependent.  Without  loss  of  generality,  the 
hysteretic  restoring  force  can  be  rewritten  as 

R=R(a1  ,...  a6>  (3) 

where  a^,  i=l,...S,  a6= By  using  the 

Taylor's  expansion,  R  can  be  expanded  about  the 
means  of  its  underlying  random  parameters  to 
obtain 


3R 

9ai 


(4) 


R  =  Rtjij  ,...  y6>  +  Y_  ((4^) 

+  i  rr(a  )(a  + 

2  1  1  J  J  9«i9«j 

=  R<P!  ....  P6>  +  >•••  e6> 

where  y^EIdjl,  i=l,  —  6.  It  is 

noted  that  the  derivatives  in  the  above  equation 
are  evaluated  at  p^,  i=i,...6.  The  , ...s6> 

is  the  generalized  structural  noise.  The 
structural  noise  arises  from  the  uncertainty  of 
the  materials,  the  errors  in  the  model  and  the 
randomness  of  the  response.  Apparently,  the 
structural  noise  is  a  wide  band  random  process. 

A  typical  such  structural  noise  is  shown  in 
Figure  4.  According  to  Reference  [ill,  the 
structural  noise  can  be  approximately  assumed  to 
be  zero-mean  with  less  1  percent  error. 

Moreover,  from  Figure  4  it  can  be  seen  that  the 
structural  noise  indeed  shows  the  property  cf 
zero-mean.  Substitution  of  Equation  (4)  into 
(1)  yields 
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Fig.  2:  The  typical  behavior  of  system  degradation  [101. 


pation  as  an  given  condition.  In  such  situ¬ 
ation,  the  autocorrelation  function  of  the 
structural  noise  can  be  evaluated.  According 
to  the  above  statements,  if  the  wide  band 
random  noise  assumption  is  made,  the  autocorre¬ 
lation  function  can  be  written  as 

ElH(t>K(t+s)|Ed,  ?(t>]  =  S(t)6(s). 

It  is  noted  that  S(t )  is  time  dependent  which 
reflects  the  nonstationary  characteristics  of 
N(t>. 


o*n. 


Furthermore,  if  the  input  excitation  f(t) 
is  assumed  to  a  band  limited  white  noise,  it 
becomes  necessary  that  the  theory  of  Markov 
process  need  to  be  used  here.  In  view  of  this, 
the  transition  probability  density  function  is 
defined  as 


Fig.  3:  The  Q-hysteresis  131. 

The  structural  noise  N(t )  is  introduced  in  the 
above  eouation  and  is  represented  as  a  function 
of  time  'for  simplicity.  According  to  Reference 
[121,  in  order  to  specify  the  characteristics 
of  a  random  process,  the  probability  structure 
of  such  random  process  must  be  given.  Namely, 
the  probability' density  functions  of  the  random 
process  up  to  infinite  order  must  be  known. 

In  practice,  this  is  impossible,  however,  the 
difficulty  is  alleviated  by  adding  more 
restriction  when  evaluating  the  structural 
noise.  In  the  present  investigation,  the  res¬ 
triction  is  made  by  adding  the  energy  dissi- 


P  h  P(t,q,t+At,y)  =  P(j?(t+At)=y|f(tK,  Ed>. 

(6) 

Equation  (6)  implies  that  the  random  process  at 
time  t+At  is  evaluated  with  the  conditions 
that  not  only  j?(t)-i;  has  to  be  given,  but  also 
the  energy  dissipation  sequence  Ed  must  be 

realized.  The  energy  dissipation  sequence  Ed, 
therefore,  may  be  viewed  as  the  random  envi¬ 
ronment.  Given  different  environments,  the 
transition  probability  that  governs  the  random 
evolution  varies.  Similarly  to  (6),  th„-  first 
and  second  moments  of  the  random  increments 
that  associated  with  j?(t)  can  be  defined  as 

F<t>  I  *(tK-  EdJ  (7: 
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Fig.  4:  A  typical  example  of  structural  noise 
a2(t)  =Ati!o~At  EC^2  I  ?(t,=t>  E1L  (8)  The  evaluation  o 


The  Kolmogorov  backward  equation  still 
holds  if  the  derivations  are  followed  by  Karlin 
and  Taylor  [131.  The  reason  is  that  the  given 
random  environments  didn't  change  the 
characteristics  of  y(t),  <x(t).  and  P.  Hence, 
from  Equations  (6),  (7)  and  (8> ,  the  Kolmogorov 
backward  equation  is 

.  Wt.C.t'.y)  _  3P(t,C,t',y)  . 

at'  “ v  at; 

+  32P(t,C,t',y) 


where  t'=t+At,  with  initial  condition 
P(t,q,t,y)=«{q-y). 


The  evaluation  of  y(t)  and  oz(t)  are 
discussed  briefly  as  follow.  Let  ApAu+AZ 
where  u=E[?l.  When  taking  conditional 
expectation  on  A?,  from  Equation  (S),  it  is 
easy  to  show  that 

pt)  =  u(t)  +  ^  E(Jo  exp(-  ^  (t-T))f(T)dtl  = 


since  f(t)  is  zero-mean  and  f(t),  Ejj  are 
independent.  Similarly,  from  Equation  (S) 


<J2(t)  = 


i  ft'  ft' 

=£t'm  - EC (1/c)2  dt  dr  h(T>h(rWt'-T/ 

At->0  at  Jt  J t , 

*(t'-Y>|  ?(t)=i;,Ed>)  (13) 


It  is  reasonable  to  assume  that  P  is  stationary  in  which  f(t)=f(t)-N(t),  h(t)=l-exp(-ct/m),  where 
within  time  c,  t+At  if  At  is  small.  Based  upon  au2 

thi8  assumption,  Equation  (9)  becomes  uses  have  been  made  the  facts  that  tim  -rr~  ->  0 

and  f(t)  is  zero-mean.  “t_>0 


aptt.c.t'.y)  _  3P(t,C,t'.yl 
at  ' 3C 
+  PZ(t>  a2P(t,C,t',y) 

2  ac2 


Equation  (13)  can  be  reduced  further  by 
noting  the  fact  that  ECN( t )f (t ) 3=0  since  fit 
is  white  noise  till, 


(11) 


02(t)  = 


=(l/c>2  $ff  (  l-exp(-ct/m>) Z+  U<n0-~  (i/c)2 
t  ^  £  * 

J  <k|  dr  h('t)h(r>ECN{t,-T)N(t,-Y) = 

=(l/c  )2  $ff  (  l-exp(-ct/ro))2+  Umo~  (I/O2 
1 1  £  * 

J  dtj^dr  h(t)h(r>6(t-Y).  (14) 


In  the  derivation  of  Equation  (14),  it  is 
noted  that  the  evaluation  of  the 
autocorrelation  function  of  the  structural 
noise  uses  the  fact  that  the  realizations  of 
the  energy  dissipation  sequences  have  been 
given.  In  other  words,  it  is  difficult  to 
specify  the  characteristics  of  the  structural 
noise  without  the  given  random  environment. 
Apparently,  N(t),  and  Ed  are  not  independent. 

As  matter  of  fact,  the  power  spectral  density 
S(t)  is  a  random  variable  at  time  t  and  its 
value  depends  upon  Ed-  Carry  out  the  integration 

of  Equation  (14)  yields 

o2(t)=  (1/c)2  ($ff+S(t))(  l-exp(-ct/m))Z  (IS) 

It  is  noted  that  o2(t)  is  also  a  random 
variable  at  time  t  since  it  contains  S(t). 

Also  a2(t)  approaches  to(l/c)2  (^+S(t))  as 

Now  the  solution  of  Equation  (11)  can  be 
solved  easily  using  the  Fourier  transform  if 
p(t)  and  o2(fc)  are  given  by  Equations  (12)  and 
(IS),  reapectively.  The  solution  is  Gaussian 
distribution  with  parameters  C  and  V;  namely, 

P(t,q,t',y,S(t))= 

=P(f(t+At)=y  |  ?(t)=C,  Ed>  = 

=  -pL=  exp  {  -  -  (  fk-  )  }  (16) 

/  2nV  v  2  v  11 


probability  that  governs  the  random  evolution 
varies.  The  transition  probability  that 
contains  random  variables  are  called  riarkov 
chain  in  random  environment  (HCRE)  114.151. 

The  transition  probability  established 
above  is  based  on  the  assumption  that  ?(t)  is 
continuous.  However,  in  digital  computation,  a 
discretized  form  is  necessary.  Also,  the 
nonlinear  characteristics  of  R(f>  and  the 
nonstationary  property  of  N(t)  make  the 
transition  probability  solved  above  only  valid 

within  small  time  interval.  Hence,  these 
conditions  necessitate  the  use  of  discretized 
form  of  Equation  (16).  If  discrete  form  is 
used,  Equation  (16)  becomes 

[  P(n,c,nn,y,Sn)]  =  Pn  = 

=  tP(?nn=y|^.  hrt  »-  ?o>  Edl-  (1?) 

It  is  noted  that  j0,  ...  are  also  putted 

into  the  given  condition  since  the  future  may 
not  independent  of  the  past  for  this  case. 

For  more  detail  about  the  past  may  not  inde¬ 
pendent  of  the  future,  a  completely  discussion 
may  be  found  in  Reference  [16] . 

The  n-step  transition  probability  is  given 
by  Equation  (18). 

P<nl  ■  [  I  ty]  ■ 

•  P„  if.  Pi  <«> 


where  Pj,  j=l,  ...  n  arc  the  transition 

probability  at  time  step  j,  and  P0  is  the 

initial  probability  distribution  of  y0-  The 

proof  of  Equation  (18)  can  be  easily  derived 
by  using  induction  and  is  demonstrated  as 
below. 

<i>  n=0,  this  is  trivial. 

<ii>  Assuming  true  for  n=k,  namely, 


Ml/C>2  (iff  *  S(t>)  [t*-j  (l-CXP(-Ct/2})+  t  _  I  .  F  ,1  p  TT  p 

*  r  (l-exp<-2ct/m>H .  ‘  p"“'y  '  h '  ^  '  P°  jh  T 


+  ^  (l-exp(-2ct/m))j. 

It  is  noted  that  the  transition  probability 
given  by  Equation  (16)  contains  a  random 
variable.  This  means  that  the  characteristics 
of  the  transition  probability  is  random  and  its 
value  depends  upon  the  given  condition  of  the 
energy  dissipation.  This  satisfies  the 
origional  assumption  which  states  that  given 
different  environments,  the  transition 


<iii>  For  n=k+i,  then 

[  P(?kn=y  I  h >  Ed>l  = 

-El  P^+z  |  ?0  ,•••  Ed  )|  y0.  bd  1 
pk+i  I  h>  Ed  1  = 
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<1  k+1 


P{  ?k+r  q 


^c»  Ed  >  3 


The  last  equality  is  based  upon  the  result  of 
<ii>. 

There  are  two  cases  can  be  considered 
here.  The  first  case  is  that  each  the  Sn  is 

independent.  For  such  case,  the  structural 
response  is  then  a  random  process  moving  in 
the  average  environment.  The  mean  of  the 
trstep  transition  probability,  in  this  case, 
is  obtained  by  taking  expectation  on  both 
sides  of  Equation  (18)  yields 

E[P(n)l  =  ECP03  f[  Ef  P-  ]  (19' 

j=i  J 

where  EtPj]  is  the  mean  transition  probability 

at  time  j.  This  is  a  special  case  of  MCRE. 

In  other  words,  z(t)  is  a  nonstationary  Harkov 
chain  with  one  step  transition  probability 
EtPj].  H 

It  is  very  interested  to  note  that 
EfP(n, ^ ,n+l,y,Sn) ]  is  still  a  valid 

representation  of  a  probability  density 
function,  where  P(n,q,n+l,y,Sn)l  is  given  by 

Equation  (17).  The  reason  can  be  seen  easily 
by  noting  chat 

Ef  Jy  P(n,q,n+l,y,Sn)  dy  1  = 

=  {  El  P(n,C,nH,y,Sn)l  dy  =  1.  (20) 


By  using  the  definition  of  the  expectation, 
Equation  (20)  can  be  rewritten  as 

J/y  L  P<n,C,n«,y,Sn>  PiS„>  iSn  - 

-  {  P(Sn)  dSn  {  Ptn,t,nH,y,S„>  dy  *  1  (211 
Sn  y 

where  P(Sp)  is  the  probability  density 

function  of  Sn  at  time  step  n.  Equation  (21) 

can  be  used  as  a  tool  for  the  numerical 
computation  and  will  be  discussed  in  Section 


The  second  case  is  that  Sn,  n=l,2,...  are 


also  Markovian.  In  such  case,  the  one  step 
transition  probability  which  is  given  by 
Equation  (?)  can  be  rewritten  by  using  the  law 
of  total  probability. 


=  P^j.C.j+l.y.Sj)  Jj 

The  n-step  transition  probability  then  can  be 
evaluated  based  upon  Equation  (18). 

3.  NUMERICAL  EXAMPLES 

Case  (I):  Sn,  n=l,2,...  are  independent. 

In  the  case  of  Sn,  n=1.2....  are  inde- 

fendent,  the  most  important  term  that  needs 
o  be  evaluated  is  the  probability  desn^sty 
function  of  Sp,  n=l,2,...  .  However,  as 

mention  earlier,  Sn,  n=l,2,...  depended  upon 

the  energy  dissipation  sequence.  In  other 
words,  Sn  can  not  be  evaluated  unless  some 


(25) 


>  * 

vs 

/•A 


% 


Pfj,c,j+i,y,Sj)  = 

% 

vv 

=  LL  pt(J>i:>j+1*y>sj)  P(Sj|  V  P(V 3 

iSi 

Sj  So 

:g 

=  Y.Z.  t  p*(j»E>j+1«y>sj> 

f?*. 

Sj  Sj-1  So 

1  1 

& 

P(Sj|  S^)  ...  PtSjj  S0)P(S0) 

(22) 

A. 

k 

* 

where  Sj  in  P  (j.C, j+l,y,Sj)  is  a  given, 

y. 

k 

b 

deterministic  value.  If  we  let 

tP(Sii  si-i>  ]  =0i  >  i=1>  •••  j 

(23) 

A*- 

fp! 

and 

A 

[  <“<V  }  =  e0. 

(24) 

g 

Then 

$ 

Pj  =  [  P<j,C,j+l,y,Sj)]  = 

5? 
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energy  dissipation  sequences  are  realized.  In 
order  to  establish  the  energy  dissipation 
sequences,  the  Q-hysteresis  has  been  used  here 
to  generate  such  sequences  and  are  shown  in 
Figure  5,  where  the  number  of  samples  used 
arc  130.  The  Eean  input  datas  for  the 
(Hysteresis  are  given  in  Table  1.  The  random¬ 
ness  of  these  datas  are  assumed  uniform 
between  p  ±  O.OSp  where  p  is  the  mean  of  k.,  k~ 
etc.  1  *■ 
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Table  1:  The  Input  datas  fo 


0.6  1.2  1.5  2.4 

TIKE  (SEC) 

Fig.  S:  The  energy  dissipation  sequences. 
_  „ ..  where 


Ri 

k2 

a 

7.33E+06(H/o) 

7.33E+0S<N/m) 

.4 

In  Figure  S,  E  is  the  nornalized  energy 
dissipation. 

E  -  Ed  /  Es 

where  is  the  energy  dissipation  obtained 

froa  the  Q-hystere3is  und  Es  is  the  energy 

dissipation  due  to  static  load  at  failure 
point.  If  a  beae  to  column  joint  is  used  as 
shown  in  Figure  2.  Es=3.9215E+06(n-b) 

(34712  k-in).  The  data  is  obtained  froE  Ref. 
[171. 

It  is  noted  that  in  order  to  obtain  the 
energy  dissipation  quences,  the  randoe  input 
excitations  are  generated  by  using  the 

following  foraula. 

N 


f(t)=T  c 


<  cos  (uct-Q.) 


C-  =  S.337E+06iN)  (1200K)  for  j=-N,  ...  H:  j*05 
Co  -  Cj/v— 

uj  =  _aEax+  (r1)Aa>  j="H^  •••  N 
“k*  =  2  °n  5  “n  =  S1'24  512 
^  =  “Bax723 

and  (L,  i=-K  ...  N  are  the  randoe  variables 

J  _ 
with  uniform  distribution  between  (0.2n).  The 
constant  power  sccctral  density  of  fit)  is 
computed  easily  if  fit)  is  given  by  Equation 
(26).  The  result  is 

*ff  =  ^  /4ta. 

The  tsean  and  standard  deviation  of  the  rate  of 
enrgy  dissipation  0,  as  shown  in  Figure  6,  are 
cocputed  fros  sasples  and  the  results  are 

6  =  1.0261  (rad) 

oQ  =  0.09(52  (rad).  <27> 


=  2  tijj  :  =  SI. 24  Hz 


After  the  energy  dissipation  sequences  are 
deterained,  the  probability  density  function 
of  S  .  n=1.2,...  then  can  oe  evaluated.  It  is 


^  -r. 


is r  js."  ktjc 


HP* 


«g 

ufiu 


noted  that  Sn  is  the  power  spectral  density  or 

K(t)  and  is  related  to  the  isean  square  of 
structural  noise  by 

ElK^t)]  =  S(t)  <28> 

Zfl 

if  Net >  is  a  band-liaited  white  noise.  There¬ 
fore,  in  order  to  obtain  Sit),  the  EUPlt)]  is 
also  evaluated  by  using  Q-hysteresis  and 
Equation  (4).  The  result  is  shown  in  Figure 

In  Figure  7.  it  is  noted  that  a  linear  regre¬ 
ssion  line  which  can  be  used  as  an  ensenble 


average  of  EiH2(t)l  is  evaluated.  It  can  be 
seen  rroc  Figure  ?  that  EflFlt))  is  inversely 
proportional  to  tine.  This  is  because  the 
structural  system  shows  degradation  in  stiff¬ 
ness  and  strength,  ine  linear  regression  line 
can  be  represented  by  Equation  (29). 

t  =  C.  -  c2  S  (29) 

where  C^il.6957,  C2=0.02737. 

To  see  hov  energy  dissipation  is  related 

to  the  S(t),  a  configuration  of  E,  S,  and  t  is 

constructed  and  is  snovn  in  Figure 

Froa  figure  8,  it  can  be  seen  that  given  E-£ft, 

the  possible  values  of  S„  could  be  S!^. 

etc.,  since  the  random  characteristics  of 
the  energy  dissipation.  Each  possible  value 

of  S^,  i=l,2,...  will  ha.e  probability 

P(Sj^),  i=l .2.  —  and  satisfies  the 

normalization  condition 


Y_  P(Sji})  =  1.  130? 
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Fig.  8:  The  configuration  of  E,  S(t). 

According  to  Figure  8,  the  relationship 

between  Sn  and  £  can  be  evaluated  easily.  The 
result  isn  1 


C1~£  cot9 


(31) 


unere  0  is  Gaussian  with  ssan  and  standard 
deviation  given  by  Equation  (2?).  The 
cumulative  distribution  function  (CDF)  of  Sr 
can  be  derived  easily  if  Sn  and  6  arc  re¬ 
lated  by  Equation  (31).  The  result  is 

pis n«>  =  _  ftfz l 


ae 


-)  -  *(“) 
ve 


there  8(£)  -  (C,  -  C2  U/E  , 


(32) 

(33) 


1  rK 

and  $(x)  =  =£=  ; 

-I  2ts 


exp(— ^-u2)  du. 


(34) 


The  probability  density  function  (PDF)  of  JL 
is  then  evaluated  by  using  the  following 
approximation. 


AS 


?(SnW(C— f  -  (  Sn  «  5*  2 
=  $  ^tan~*tpa;+AS/2>-*]-6  j 


-  f 


rtap.~HS<s-&£/2>~*)-0 
a0 


)• 


(3S> 


The  CDF  of  Sn  for  different  E  is  plotted  and 

is  shown  in  Figure  9  by  using  Equation  (32). 
The  rD.-  of  Sn  is  also  plotteo  and  is  shown  in 


figure  10.  Froa  Figure  10,  it  can  be  seen 
that  as  energy  dissipation  increasing,  the  PDF 
of  S  beccses  Flat,  inis  iaplies  that  the 
uncertainty  of  the  intensity  of  the  structural 
noise  spreading  out.  as  it  should.  On  the 

other  hand,  as  E  is  saall.  the  uncertainty  of 
the  intensity  of  the  structural  noise 
concentrates' within  saall  range.  It  is  noted 

fron  Figure  10  that  when  Z  -  0.  the  PDF  of  S 
is  a  delta  function.  The  reason  is  that  when 

E=0.  the  systea  is  linear.  Hence,  the 
structural 'noise  in  a  randos  variable  rather 
than  a  randos  process,  in  such  case,  the 
randoB  environment  does  not  exist.  As  a 
consequence,  the  ;ntensity  of  the  structural 
noise  is  a  constant,  deterministic  value,  as 
it  should. 

The  first  passage  probability  for  such 
case  can  be  computed  easily  since  the 
transition  probability  provides  enough 
information  to  evaluate  it.  For  instance,  if 
ve  assuae  that  the  absorbing  barrier,  or  the 
failure  state,  is  at  pS0.8  m  ( 2"),  then  the 
first  passage  Drobability  is  cosputed 
according  to  Equation  (19).  The' result  is 
shown  in  Figure  11.  The  Bean  square  res¬ 
ponse  is  also  coEputed  and  the  result  is 

shown  in  Figure  12. 

Case  (ID:  Sn,  n=l,2,...  are  Markovian. 

In  this  case,  the  difficulty  is  to 
determine  the  tnnsition  probability  8|. 

However,  in  view  of  Figure  7,  the  randomness 
of  S(t)  can  be  assumed  that  the  transition 
probability  8j  behaves  like  a  Brownian  motion 

with  Eean  S  , which  is  linearly  proportional 

to  t.-and  the  standard  deviation  2,  which  is 
inversely  oroportional  to  t.  The  reason  is 
that  fron  Figure  7.  the  upper  bound  and  lover 
bound  of  S(t)  tend  to  converge  to  the  eean. 

If  this  assutution  is  Bade,  "o  can  write 


S(t)  =  a  +  {5  t 
o2(t)  =  02/(t+l>2. 


(36a) 
(36  b) 


The  values  of  a,  £.  o2  can  be  obtained  froa 
nonlinear  regression  118). 

L  "ft-*  L  »it, 


a  = 


(37a) 
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Fig.  11:  The  first  passage  probability  of  f(t). 
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Fig.  12:  The  cean  square  response  of  fit). 
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v{  =  (tj+D2  (37c) 


where  n  is  the  total  nuaber  of  point.  In  this 
example,  n=l024. 

The  results  of  a,  {J,  a2  are  coaputed  by  using 
the  above  equation. 

<1=442.118,  8=-44.6S87,  a2=30948.6 


4.  CONCLUSIONS 

According  to  the  analysis  in  the  above 
sections,  the  following  conclusion  can  be  Eade. 

(1)  The  advantage  of  present  investigation  is 
that  the  randomness  of  the  randoa  response  is 
characterized  by  a  linear  differential 
equation  if  we  treat  the  structural  noise  as 
an  external  excitation,  inis  can  be  seen 
easily  by  taking  exDectation  on  Equation  (S). 
However,  restriction  aust  be  sade  nerc  that 
the  structural  noise  can  be  evaluated  by  given 
the  realization  of  the  energy  dissipation 
sequences  which  nay  be  viewed  as  a  randoa 
environment.  Since  the  given  environment  is 
randoa.  it  will  cause  the  response  evolution 
moving  in  a  fluctuated  environcent.  However, 
if  the  characteristics  of  che  randoa  environ¬ 
ment  is  specified,  the  probabilistic 
characteristics  of  the  response  is  still 
enuaerable. 


The  6  chain  then  can  be  established  by 
using  Gaussian  distribution;  naaely 

« ■  f'Vi  <  <»il  w  * 

.  =1=  jt’%[  (  -^]z  ]  dx  (38) 

where  SR  =  a  +  g(n  At)  (39a) 

a  =  a  /(nAt+1).  (39b) 

li 


The  first  passage  probability  and  the  mean 
square  response  of  y(t)  then  can  be  computed 
similarly  to  the  case  of  independent  Sn  if  the 

8  chain  is  given  by  Equation  (38).  The 
results  are  plottca  in  Figure  11  and  12,  res¬ 
pectively.  The  comparison  between  the  case  of 
independent  Sn,  and  the  case  of  Markovian  Sn 

is  eade  in  Figure  11  and  12.  It  can  be  seen 
that  the  results  are  close. 


(2)  The  power  spectral  density  (PSD)  of  the 
input  excitation  and  the  structural  noise 
dominate  the  randoa  evolution,  as  seen  from 

Equation  (16).  If  the  PSD  of  the  input  exci¬ 
tation  significantly  greater  than  that  of  the 
structural  noise,  tne  probability  of  failure 
win  heavily  depend  upon  the  input  excitation. 
This  Ecans  that  the  uncertainty  of  the 
structural  systea  does  not  play  an  important 
role  in  deternining  the  probability  ot 
structural  failure.  On  the  other  hand,  if  the 
PSD  of  the  structural  ncise  is  significantly 
greater  than  that  of  innut  excitation,  then 
the  uncertainty  in  che  structural  systea  will 
doBin3te  the  probability  of  structural 
failure. 

(3)  Froe  Figure  11,  one  can  see  that  the  case 
of  independent  Sn  and  the  case  of  Markovian  S„ 

didn't  show  significant  difference  in  either 
the  first  passage  probability  or  the  scan 
sjuare  response  ofy(t).  Hence,  it  can  be 
concluded  that  the  case  of  independent  Sn  can 

be  used  for  the  computation  of  structural 
reliability  analysis  if  the  PSD  of  the  external 
excitation  is  significantly  greater  than  that 
of  tne  structural  noise.  However,  if  the  PSD 
of  the  structural  noise  is  greater  than  that  of 
the  input  excitation,  the  Markovian  case  should 
be  used  since  it  describes  the  phenomenon  core 
precisely  and  closely. 


ACKKHiDQerr 

The  work  was  performed  under  a  grant  f'-os 
Air  Force  Office  of  Scientific  Research. 
AFOSR  grant  Ho.  APOSR-85-008SA.  Col. 
Lawrence  D.  Hokanson  is  the  prograa  manager. 


62 


*>* 

VC 

■> 


Vv 


.*  /  V 


jttorgy/irjx  CTia?\yjyg7rre;3TO^)rjjTi::ira 


RfiFEREHCES 

1.  Ju,  F.  D.  et  al, "Identification  of  Damage  in  Hysteretic  Structures."  UNM 
Technical  Report,  CE-72< 84) AFOSR-993-i ,  Feb.  1983,  Albuquerque,  NH. 

2.  Meta,  T.,  Sozen,  ri.  A.,  Nielson,  N.  N., "Reinforced  Concrete  Response  to 
Simulated  Earthquake,"  J.  of  Structural  Div.,  ASCE,  Vol.  96.  ST11,  Dec.  1970. 

3.  Saiidi,  M.,  Sozen,  M.  A., "Simple  and  Complex  Hodels  for  Nonlinear  Seismic 
Response  or  Reinforced  Concrete  Structures,"  UI  Report,  CE,  UILU-ENG-79-2013, 
Aug  1979,  Urbana,  Illinois. 

4.  Sucuogiu,  H.,  Aktan,  A.  E.,  "Hysteretic  Response  of  Reinforce  Concrete 
Frames,"  ACI  Publication  SP-63-7 ,  P1S3-172. 

5.  Clough,  R.  W.,  Johnston,  S.  B., "Effect  of  Stiffness  Degradation  on  Earthquake 
Ductility  Requirements,  Proceedings,  Japan  Earthquake  Eng.  Symposium,  Tokyo , 
Oct.  1%6,  p  19S-198. 

6.  Otani,  S..  Sozen,  M.  A.,  "Simulated  Earthquake  Test  of  R/C  Frames,"  J.  of 
Structural  Division,  ASCE,  Vol  100,  No  ST3,  March  1974,  P  687-701. 

7.  Wen,  Y.  K.,  "Method  for  Random  Vibration  of  Hysteretic  system,"  J.  of  Eng. 
Mechanics  Division,  ASCE,  EM2,  April  1976,  p  249-263. 

8.  Baber,  T.  T.,  Wen,  Y.  K.,  "Random  Vibration  of  Hysteretic  Degrading  System," 
J.  of  Engin.  Mechanics  Division,  ASCE,  EM6,  Dec.  1981,  pp  1069-1087. 

9.  Baber,  T.  T.,  Noori,  M.  K.,  "Random  Vibration  of  Degrading  Pinching  Systems," 
J.  of  Eng.  Mechanics,  ASCE,  Aug.  198S,  P  1010-1026. 

10.  Ehsani,  M.  R. ,  Wight,  J.  K.,  "Behavior  of  External  Reinforced  Concrete  Beam 
to  Column  Connections  Subjected  to  Earthquake  Type  Loading,"  Report  No.  UHEE 
82RS,  U.  of  Michigan,  Dept,  of  Civil  Eng?,  1982 

11.  Chang,  F.  C.,  Ju,  F.  D.,  Paez.  T.,  "Damage  Diagnosis  for  HDF  System  with 
Material  Nonlinearity,"  ASME  Publication  AHD-Vol.  7,  cd  by  M.  Sathyamoorthy, 
Nov.  1965. 

12.  Lin,  Y.  K.,  "Probabilistic  Theory  of  Structural  Dynamics,"  Rooert  E.  Krieger 
Publishing  Company,  1967. 

13.  Karlin,  S.,  Taylor,  H.  M.,"A  Second  Course  in  Stochastic  Processes," 

Academic  Press,  MY,  1981. 

14.  Takahaski,  Y.,  "Markov  Chain  with  R'^dom  Transition  Matrices,"  Kodai  Math. 
Sen.  Rep.  21,  426-447  (1569) 

15.  Cogburn,  R.,  "Markov  Chain  in  Rand  /ironments,  The  Case  of  Markovian 
Environments,"  Ann.  Probability  8,  508-916(1980). 

16.  Solomon,  F. /'Random  Walks  in  a  Random  Environment,"  Ann.  of  Probability  3, 
1975,  1-31. 


17.  Scribner,  C.  F.,  Wight,  J.  K.,  "Delaying  Shear  Strength  Decay  in  Reinforced 
Concrete  Load  Reversal,"  Dept,  of  CE,  University  of  Michigan,  May,  1978,  P.  220. 

18.  Ang,  A  H-S. ,  Tenz  W.  H.,  "Probability  Concepts  in  Engineering  Planning  and 
Design,"  vol  1,  Johy  Wiley  l  Sons,  Inc.,  197S. 


63 


V 

s 

* 

5 

i 

s 

i 

? 

i 

t 

I 


A  NEW  LOOK  AT  THE  USE  OF  LINEAR  METHODS 
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ABSTRACT 

This  paper  explains  the  dynamic  response  of  an  aircraft  that  taxies  over  two 
arbitrary  disturbances,  under  the  assumption  that  the  aircraft  can  be  represented 
as  a  linear,  one  degree-of-freedom  system  .  That  analysis  produces  the  concept  of 
the  BUMP  MULTIPLIER  which  exphcitly  and  simply  determines  whether  a  second 
discrete  disturbance  will  amplify  or  attenuate  the  response  from  a  first  disturbance. 
The  BUMP  MULTIPLIER  also  simplifies  the  understanding  and  presentation  of 
the  results.  While  the  assumptions  arc  very  severe,  the  resulting  formulas  can  be 
very  useful  to  gain  physical  insight,  to  guide  more  elaborate  nonlinear  calculations 
and  to  plan  test  programs. 


1.  INTRODUCTION 


The  problem  of  aircraft  dynamic  response  to  taxiing 
over  rough  surfaces  has  been  a  topic  of  research  for  many 
years.  For  the  most  part,  the  research  has  been  limited 
to  predicting  and/or  measuring  the  dynamic  response 
of  an  aircraft  due  to  the  (nearly)  random  roughness  of 
the  terrain  or  by  wear  and  tear  on  runways  and  taxi- 
ways.  Within  the  last  several  years,  however,  concerns 
have  arisen  within  the  Defense  agencies  of  the  NATO 
countries  about  the  safety  of  ai.  craft  operations  over 
the  discrete  disturbances  which  can  arise  from  bomb- 
damage  to  the  runways.  Those  concerns  also  extend  to 
the  dynamic  response  due  to  taxi  over  repaired  runways 
and  repetitive  aircraft  operations  on  the  (potentially) 
yielding  surfaces. 

As  a  result  of  those  concerns  the  United  States  Air 
force  instituted  program  HAVE  BOUNCE  which  per- 
lorms  flight  (taxi)  tests  over  simulated  (relatively  mild) 
runway  damage  and  repairs  for  several  USAF  combat 


and  transport  aircraft.  HAVE  BOUNCE  also  develops 
computer  programs  to  predict  the  dynamic  response  tc 
the  simulated  runway  profiles  .  Other  NATO  nations 
are  performing  similar  test  and  analysis  programs  on 
their  aircraft. 

HAVE  BOUNCE  considers  the  computer  programs 
to  be  validated  when  they  produce  satisfactory  compar¬ 
isons  with  the  experimental  results  from  flight  (taxi) 
tests.  Then  HAVE  BOUNCE  uses  the  vclidated  com¬ 
puter  programs  to  extrapolate  from  the  relatively  mild 
test  conditions  to  more  severe  operational  cases.  Since 
the  computer  programs  account  for  the  nonlinear  prop¬ 
erties  of  the  landing  g>?ars  and  tires,  the  extrapolation  of 
the  results  beyond  their  validated  range  of  parameters 
is  always  open  to  some  question. 

Because  the  taxi  test  programs  have  proven  to  be 
very  expensive,  difficult  to  control  and  repeat  and  (somc-| 
times)  dangerous,  the  USAF  also  created  the  Aircraft 
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Ground-Induced  Loads  Excitation  (AGILE)  facility  which 
measures  the  dynamic  response  of  operational  aircraft 
to  damaged  and  repaired  runways  within  the  controlled 
conditions  of  the  laboratory.  AGILE  supports  an  opera¬ 
tional  aircraft  on  its  tires  on  massive  hydraulic  shakers 
and  drives  the  shakers  vertically  to  represent  the  ver¬ 
tical  events  of  the  aircraft  taxiing  over  damaged  and 
repaired  runways.  Each  (of  the  three  integrated)  shak¬ 
ers  can  sustain  a  static  weight  of  50,000  lb,  can  displace 
amplitudes  of  10  in,  can  impose  dynamic  forces  up  to 
50,000  lb  and  can  be  driven  sinusoidally  (frequencies 
up  to  25  Hz),  randomly  or  to  follow  prescribed  discrete 
motions.  In  its  first  major  test,  agreement  between  the 
AGILE  tests  and  HAVE  BOUNCE  taxi  tests  for  an  op¬ 
erational  A-7D  aircraft  was  excellent. 

All  three  evaluation  methods-computer  programs, 
HAVE  BOUNCE  taxi  test  -,  on  operational  aircraft  and 
AGILE  tests  on  operational  aircraft-have  been  domi¬ 
nated  by  one  major  consideration-the  nonlinearities  in 
the  landing  gear.  As  a  result,  nearly  all  of  the  compu¬ 
tations  have  been  done  with  numerical  time-integration 
of  the  nonlinear  differential  equations  of  motion.  The 
taxi  tests  and  AGILE  tests  also  have  been  forced  to 
adopt  a  tedious  approach  of  repetitive,  trial-and-error 
test  cases,  again  because  concerns  over  strong  nonlin¬ 
earities  prevented  the  consideration  of  the  superposi¬ 
tion  of  simple  disturbances  to  synthesize  more  complex 
responses. 

In  this  paper  we  contend  that  the  nonlinearities  do 
indeed  strongly  influence  the  computational  and  test  re¬ 
sults,  especially  the  exact  levels  of  the  loads  obtained. 
However,  the  qualitative  response  and  the  selection  of 
speeds,  bump  heights,  and  bump  spacings  which  pro¬ 
duce  large  dynamic  responses  ought  to  be  predictable, 
for  the  most  part,  by  simpler  linear  methods.  Nonlin¬ 
ear  calculations,  taxi  tests  and  AGILE  tests  all  ought 
to  be  preceded  by  a  substantial  amount  of  linearized 
calculations  which  can  be  done  rapidly  and  can  yield 
much  physical  insight  into  those  conditions  which  pro¬ 
duce  extensive  dynamic  response.  A  ciever  analyst  may 
be  able  to  find  the  simplicity  and  intuitive  understand¬ 
ing  in  seemingly  complex  time- histories,  which  in  fact 
may  be  not  much  more  than  superpositions  of  many 
relatively  simple  events. 

The  purpose  of  this  paper  is  to  review  those  linear 
methods,  to  show  how  they  yield  an  understanding  of 
complex  time  histories  and  how  they  can  be  used  to  plan 
nonlinear  calculations,  taxi  tests  and  AGILE  tests.  The 
paper  illustrates  the  principles  by  treating  the  response 
of  a  linear  one  degree-of-freedom  oscilllator  as  it  taxies 
over  two  successive  discrete  disturbances,  introducing 
the  concept  of  the  BUMP  MULTIPLIER. 
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2.  THE  ACCELERATION  RESPONSE  OF  A 
SINGLE  DEGREE-OF-FREEDOM  OSCILLA¬ 
TOR  TO  A  SINGLE  DISTURBANCE 


Assume  a  single  degree-of-freedom  oscillator,  with 
damping  less  than  the  critical  value,  receives  some  ex¬ 
citation  over  a  period  of  time,  but  that  the  excitation 
stops  at  time  t  —  tt. 


For  times  after  tj,  when  the  acceleration  response  is 
decaying  freely,  the  acceleration  acceleration  response 
can  be  written: 


5(0it>t,  =  e~au{t~,l)  {A,  sin  [u(/  -  <i)|  +  Bt  cos  [w(t  -  t,))} 

(2.1) 


where: 


tj  =  the  time  tiie  excitation  ends 
w  =  damped  frequency 
aio  =  damping 

At,B\  =  Constants  which  depend  on  a,  u,  the  excitation 


and  the  initial  conditions 


Note  that  the  damping  parameter  a  above  is  not 
quite  the  name  as  f,  the  frequently  used  fraction  of  crit¬ 
ical  damping,  which  comes  from  the  analysis  of  a  clas¬ 
sical  single  degree-of-freedom  oscillator.  The  product 
qu»  controls  the  exponential  decay  of  the  damped  sys¬ 
tem,  perhaps  as  observed  experimentally.  Tlie  use  of 
the  parameter  a  allows  us  to  refer  the  damping  to  the 
observed  damped  frequency  w  rather  than  the  fictitious 
undamped  frequency  u?,t.  In  the  special  case  of  the  clas- 
steal  single  degree-of-freedom  crcillator  a  —  t/\/l  -  f2 
and  cxui  =  fw0. 


The  decaying  acceleration  r  .  onse  also  can  be  writ¬ 
ten  as. 


2(0jt>(  "  Rie“>‘’(‘*1,)sin(u>(t  -  *i)  -f  0,j  (2.2) 


ll>!l 


where: 


P\  =  \[a]  +  b\  • 

tar.  <£i  =  I?i/Ai 
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S.  TWO  SUCCESSIVE  DISTURBANCES 


We  loosely  refer  to  R\  as  the  potential  amplitude  of  the 
acceleration  response.  It  is  an  upper  bound  on  the  am¬ 
plitude  of  the  acceleration  response  to  a  single  distur¬ 
bance.  The  phase  shift  <t>\  depends  only  on  Aj  and  B\ 
and  will  therefore  be  different  for  various  forms  of  the 
excitation. 

For  small  damping  (a  <<  1)  the  behavior  of  the 
acceleration  response  will  be  dominated  by  the  term 
sin[w(f  -  ti)  +  <^i]  in  Equation  (2.2),  so  we  would  ex¬ 
pect  its  local  maxima  and  minima  (extrema)  to  be  ob¬ 
tained  from  solutions  of 

w(f-ti)  +  <h*(2n-l)|;  «=  1,2,3,...  (2.3) 

However,  the  term  e— causes  a  shift  in  the  values 
of  time  for  which  the  local  extrema  of  the  acceleration 
response  occur.  In  fact,  the  third  derivative  of  the  dis¬ 
placement  (derivative  of  the  acceleration)  is: 

j  =  +  q*  cos  [w(t  -  <i)  +  (<fo  +  «j)j 

at  i£>fj 

(2.4) 

where: 

tan  6i=  a 

Therefore,  the  local  extrema  of  the  decaying  accelera¬ 
tion  response  will  occur  at  the  values  of  time  for  which 

w(t  ij)  =  (2n- 1)^  -  ($i  +  ^i);  n  =  1,2,3,...  (2.5) 

The  additional  phase  shift  6\  will  be  small  for  values  of 
damping  that  are  small  with  respect  to  the  critical  value, 

(a  «  l) .  Note,  however,  that  the  first  phase  shift  <j>i 
depends  on  the  disturbance  and  th?  initial  conditions 
and  need  not  be  small. 

We  can  use  these  results  to  obtain  an  even  better 
upper  bound  on  the  amplitude  of  the  acceleration  re¬ 
sponse.  If  we  plug  the  above  value  of  u»(f  -  )  into 

Equation  (2.1)  for  S(t)|fM  ,  we  find  that  the  local  ex¬ 
trema  for  *(l)jt>|  equal: 

Rl  e-tt|(2"-i>S-(»i+*i)]  ;n  =  1,2,3,... 

VI  +  a1 


Now  suppose  the  single  degree-of-freedom  oscillator 
receives  a  subsequent  excitation  over  another  period  of 
time  and  that  excitation  stops  at  time  t  =  t2. 


If  there  had  been  no  previous  acceleration  response 
from  the  first  disturbance  the  acceleration  response  to 
the  second  disturbance  would  have  been: 

*(0|t>l3  =  e-0"*'-'2’  {A2sin  [u>(<  -  t2)]  +  B2  cos  [w(t  -  <2)]} 

However,  because  of  the  presence  of  the  decaying  ac¬ 
celeration  response  to  the  first  disturbance,  the  accel¬ 
eration  response  to  the  combined  disturbances  must  be 
written: 

5(0|l>t,  =s-ault-t‘)  {A,sin[u;(t  -  i,))  +  B,cos[u;(/  -  t,))}  + 

sin  [w(t  -  t2)]  +  B2  cos  [o>(<  -  <2)]} 
(3.1) 

For  convenience  in  manipulating  the  terms  in  Equation 
(3.1)  we  abbreviate: 

e,  =  c-M'-M 
S,  =  sin  [w(t  -  t,)] 

C,  -  cos  |w(t  -  t{)) 

Then  the  acceleration  response  to  the  combined  distur¬ 
bances  is: 

*(*)|«>«i  =  +  ^i^i)  +  e2(A2S2  +  B2C2)  (3.2) 


The  trick  is  write  Equations  (3.1)  and  (3.2)  with 
respect  to  the  time  of  the  most  recent  disturbance,  t2. 
To  that  end  we  write: 

t-ti  =  (t-t2)  +  (t2-t,) 

We  need  the  additional  abbreviations: 

=2i  = 

S2i  —  sin  [tu(t2  —  t|)j 
C21  =  cos  [u?(f 2  -t,)j 
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To  obtain- 

€j  ™  C2C21 

Si  —  5jCji  +  C2S21 

C,  —  C2C21  —  5j^21 

The  acceleration  response  to  the  combined  excitations 
becomes 

2(*)L  2  =  '2(a'2s2  +  b;c2)  (3.3) 

where: 

A'2  —  A2  +  e2i(Ai<?22  -  B\  522 ) 

R}  =  Bi  +  621(^2  522  +  B\C2\) 

Following  the  same  procedure  we  used  for  the  single 
disturbance,  the  acceleration  response  to  the  combined 
disturbances  can  be  rewritten  as: 


yj\  +  a1 


e-aI(2n-i);-(*+<j)]  ;n  = 


?(0|(>ti  =  Rle  sin  [ui(f  -  <2)  +  <£2]  (3.4) 


We  have  seen  how  to  find  the  times  for  local  ex¬ 
trema  of  the  decaying  acceleration  response,  assuming 
we  know  Ai,Bi,  A2, B2,a,u!,tt  and  t2.  However,  we  are 
searching  for  the  best  and  worst  possible  runway  pro¬ 
files,  so  the  most  critical  aspect  is  to  find  the  values  of 
t2,  the  time  of  the  second  disturbance,  which  will  locally 
extremize  the  potential  amplitude  R2.  We  differentiate 
Equation  (3.5)  for  R2  with  respect  to  t2  and  set  the 
result  to  zero  to  obtain: 

$2i  ((-di-dj  +  BtB2)  +  a(AtB2  -  £ij42)]  + 

C21  [a[AiA2  +  B\B2)  —  {AjB2  —  BiA2)]  +  a(A?  +  Bf)e2i  ■■ 

(3.S) 

nr 


where: 


R2  =  \]A?  +  B27 


(3.5) 


Hi2sin  ju/fo  -  ti)  +  ^ii)  + 


Vl  +  a2 


—  \[A\  +  B2)  +  2«2i  \C2\(AiA2  +  B\B2)  +  —  BxA^]  +  e^iMi  +  ■&})) 


e-aw((2-t|)  _  o 

(3.9) 


tan <4,  =  ?i  =  B 2  4  +  B\C2i) 

A\  A2  +  e2\(AiC2\  -  BtS2i) 


Equation  (S.5)  for  R2,  the  potential  amplitude  of  the 
acceleration  response  to  the  combined  disturbances,  it 
one  of  the  major  findingt  of  thit  paper.  Much  of  the 
subsequent  work  here  will  be  concerned  with  finding  the 
conditions  which  maximize  and/or  minimize  (extremize) 

Ri- 

As  we  did  for  the  single  disturbance,  we  can  differ¬ 
entiate  Equation  (3.4)  with  respect  to  time  to  search 

for  the  times  for  the  local  extrema  of  the  acceleration 
response.  We  obtain: 

=  ^2*-ow^-,*^v^r+o*cos [w(t  - 12)  +  (&  +  $2)] 


where 


R\2  - 


A  j  +  Bf 


tan  din  =  +  bib2)  ~  (AiBg  -  BtA2) 

(AiAj  +  BtB2)  +  ofAtBj  -  BiA2) 

The  exact  solution  for  the  time  delays  (t2-t,)  which  lo¬ 
cally  extremize  R2  would  require  a  numerical  or  graph¬ 
ical  solution  of  Equations  (3.8)  or  (3.9),  however  for 
small  damping  we  would  expect 

w(t2  - /1)  «  na  -  d>i2;  n=  1,2,3...  (3.10) 

We  will  give  the  determination  of  the  time  delays  (t2  - 
«i)  an  exact  treatment  in  the  next  Section. 


dt 

where 


(3.6) 


tan  £2  =  a 

Even  though  the  first  phase  shifts  are  not  necessarily 
equal  {4>i  /  4>2),  we  see  the  same  second  phase  shifts 
(£2  =  £j)  in  the  times  for  local  extrema  of  the  accel¬ 
eration  response  to  the  combined  disturbances.  Those 
local  extrema  will  occur  when: 

ui(t-<2)  =  (2n-l)|-(&  +  62);  n=  1,2.3,  ..  (3.7) 

As  we  did  for  the  single  disturbance,  we  can  use 
these  results  to  obtain  an  even  better  upper  bound  on 
the  amplitude  of  the  acceleration  response.  If  we  plug 
the  above  value  of  ui (t  -  t2)  into  Equation  (3.4)  for 
i(l)J|>(  ,  we  find  that  the  local  extrema  for  2(t)||>f 
equal: 


4.  THE  BUMP  MULTIPLIER 

Recall  that  Rj  represented  the  potential  amplitude 
of  the  decaying  acceleration  response  to  the  first  dis¬ 
turbance  and  that  R2  represented  thv  potential  ampli¬ 
tude  of  the  acceleration  response  to  the  combined  dis¬ 
turbances,  where  in  each  case  we  measured  time  from 
the  time  of  the  most  recent  disturbance.  We  call  the 
ratio  R2/ R]  the  BUMP  MULTIPLIER,  since  it  defines 
the  extent  to  which  the  second  disturbance  amplifies  (or 
attenuates)  the  acceleration  response  to  the  first  distur¬ 
bance.  The  BUMP  MULTIPLIER  is 
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#2  (A|  -f  B\)  +2c2i  [C2i(Aii42  +  B\B2)  4-  S21  (^i#2  ~  #1^2)]  +  g2i(^i  +  £?) 

KT  \  A*  +  B? 

(4.1) 

To  assist  in  the  interpretation  of  the  BUMP  MULTI¬ 
PLIER  we  add  another  set  of  abbreviations: 

t'  =  Ti  ;,  =  1’2 

With  this  definition,  the  potential  amplitudes  and  phase 
angles  for  the  acceleration  responses  to  the  first  distur¬ 
bance  and  the  combined  disturbances  become: 

J2,  =  1A,|  VT+lf  (4.2) 

tan  4>  1  =  tj 

Ri  =  \Ja\(  1  +  «j)  +  2At{AiC2i)  [C’aiJl  +  <1*2)  +  S2i(<2  —  <1)]  +  (A^i)2  (1  +  cf) 

r—  —  —  — - j - r 

=  1-^2 1  y  (1  +  <2)  +  +  <1<2)  +  ^2l(<2  -  «l)j  +  (^e«)  (*  +  <f) 

(4.3) 

.  ,  ‘2  +  (a^lK^ll  +  «lC2i) 

tan  ©2  = - ; - 

1  +  ( y*ie2l)(C21  ~  *1^2l) 

The  BUMP  MULTIPLIER  becomes: 

Rt  _  M2I  (1  +  c|)  +  ^(ate2i)  1^21(1  -1-  <t<2)  +  52t(«2  ~  «’))  +  (afoi)*(l  +  *1) 


Note  in  Equation  (4.4)  'hat  the  magnitude  effects 
are  contained  mostly  in  the  "erm  |,  whereas  the  spac¬ 
ing  effects  are  in  the  radical.  The  spacing  effects  are 
dominated  by  the  terms 

52i  =  sin  jw(t2  —  tj)| 

C2i  —  cos  [w(<2-«i)) 

and  those  terms  are  always  modulated  by  the  combina¬ 
tion 

-  ai'-”*’-'0 

When  we  use  these  abbreviations  in  Equation  (3.9)  to 
find  the  time  delays  (<2  —  <1)  which  locally  ext  remire 
the  potential  amplitude  Rt,  we  obtain 

\%\\  rr|sinIw(t2  - h) + *i2,+ vr=he~°,,'('I"<,) = 0 

(4.5) 

where 

tan  ^12  =  ~  («»  ~  <i) 

(1  +  <1«2)  +  «(<2  ~  «l) 

A  first  approximation  for  a  «  1  for  the  time  delays 
would  be: 

w(t2-ti)  ssnx- V»i2  ;n  =  1,2,3,...  (4.6) 

To  get  a  second  approximation  we  search  for  small  an¬ 
gles  jd„  such  that 

w(f2  -  *1)  =  nx  -  (V>,i  +  0n)  (4.7) 


With  this  change  of  variables  Equation  (4.5)  takes  a  new 
form 

c"sM"=;S=?  (48) 


Cn  =  (-l)ne,<'»,-*»)|^  iiij  (4.9) 

If  we  expand  Equation  (4.8)  for  small  /?»,  keeping  only 
irst  order  terms,  we  obtain 


^  <wrr^-a’  v*”' 

This  then  is  the  (hoped  for)  small  correction  we  use  in 
liquation  (4.7)  to  find  the  second  approximation  for  the 
ime  delays  (t2  —  tj ) . 


5.  USE  OF  THE  AVERAGE  SPEED 

We  have  made  no  assumption  of  a  constant  taxi 
speed  between  the  two  disturbances;  in  fact  we  will  show 
in  this  Section  that  the  spacing  effects  are  dominated  by 
the  average  speed  between  them. 

If  /  is  the  disttr.*'-  between  the  two  disturbances, 
the  average  speed  is 

l 


.*>  A  .%  .v  ,v.\  .%  .vv 
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(5.1) 


Then  we  can  express  the  term 

u(h  ~  *i)  —  ^  ^  (5-2) 

The  usual  terminology  for  A  —  lw/V,  based  on  the  in¬ 
stantaneous  speed,  is  the  reduced  frequency.  Therefore 
A  =  Iw/V  is  the  reduced  frequency  based  on  the  average 
speed  between  the  two  disturbances. 

Amplitude  and  Bump  Multiplier 
Equations  (4.2)  and  (4.3)  for  the  potential  amplitudes 
and  phase  angles,  and  Equation  (4.4)  for  the  BUMP 
MULTIPLIER  remain  unchanged,  except  that  now  we 
note 

„  —  t*A 

C  21  —  c 
Sn  =  sin  A 
Cji  =  cos  A 

BestjW  orst  Runway  Profiles 
The  process  for  finding  the  exact  and  approximate  so¬ 
lutions  for  the  time  delays  which  extremize  R-i  remains 
unchanged,  except  Equation  (4.5)  now  becomes: 


i  A2 !  +  A  . 


(a  +  ^12)  H — 7  — -e~ 

v  '  \/r+^ 


=  0  (5.3) 


The  first  approximation  for  the  time  delays  becomes  an 
equation  for  A: 

A  «  nx  -  t&|2  ;n  =  1,2,3,...  (5.4) 

The  process  of  finding  exact  solutions  and  second 
approximations  for  the  time  delays  also  remains  un¬ 
changed,  except  that  Equation  (4.7)  becomes 

A  =  nn  -  (012  +  0n)  (5.5) 


6.  SPECIAL  CASE:  SIMILAR  DISTURBANCES! 

We  now  define  similar  disturbances  as  discrete  dis¬ 
turbances  that  have  the  same  shape  but  differ  only  in 
magnitude  and/or  sign.  Examples  would  be  the  entire 
family  of  infinite  ramps  or  a  family  of  sine  waves  of 
the  same  wavelength  but  varying  heights.  The  assump 
tion  of  similar  disturbances  is  not  a  very  limiting  one. 
In  fact,  nearly  all  of  the  profiles  tested  in  the  HAVE 
BOUNCE  program  and  oil  of  the  NATO/AGARD  pro¬ 
files  can  be  broken  down  into  sequences  of  similar  ramp 
disturbances.  For  linear  systems  with  zero  initial  con¬ 
ditions  similar  disturbances  will  produce  similar  accel¬ 
eration  responses,  and  when  disturbances  are  similar 

<i  =  (2  —  <■ 


Amplitude 

Under  the  assumption  of  similar  disturbances,  Equation 
(4.2)  and  (4.3)  for  the  potential  amplitudes  and  phase 
jingles  become: 

*1  =  1^1  'fiTT2  (6-i) 

tan  4>i  =  ( 

J?2  =  \fr+^y/^  +  2M{Aie2i)C2i  +  (Aie2i)2 
=  jA2j\/i  +  «2yi  +  2(-^e2i)C2i  +  (-^e2i)2  (6-2) 

,  <  +  (^C2l)(-?21  +  <^21) 

tan  <t>7  — - r - — — — 

1  +  (^*21)1^21  -  eS2i) 


Bump  Multiplier 

Equation  (4.4)  for  the  BUMP  MULTIPLIER  reduces 
to: 

Sf  H^iv^(^e2,)C2i  +  (£eji)2  (63) 


Figures  (6.1)  and  (6.2)  illustrate  the  BUMP  MUL¬ 
TIPLIER  versus  A  with  the  damping  as  a  parameter  for 
the  special  case  of  equal  (or  opposite)  disturbances  at 
constant  speeds. 


j 
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The  major  conclusion  to  be  drawn  is  the  dependence 
of  the  BUMP  MULTIPLIER  on  the  nondimemional  spae 
ing  (or  speed  or  frequency)  parameter 

A  =  w{t2  —  <i)  =  lu/V 

The  spacing  of  the  disturbances,  the  average  speed  of 
the  vehicle  and  the  natural  frequency  all  combine  into 
the  one  parameter,  the  reduced  freque  ■  ■  j  based  on  the 
average  speed.  Also,  while  the  BUMP  MULTIPLIER 
clearly  diminishes  with  A  for  significant  values  of  a,  the 
values  of  A  that  produce  the  local  minima  and  maxima 
are  fairly  weak  functions  of  a. 


Best /Worst  Runway  Prof  ties 
In  order  to  find  the  time  delays  that  locally  extremize 
i?2  Equation  (5.3)  reduces  to: 


^  sin  (A  +  V12)  + 


VI  +  a2 


tan  rjin  =  q 

The  definition  of  C„  reduces  to: 


C„  =  4*  (6.5) 


(  -a  &  -2*1- 
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1.8088 

1.0808 

1.08M 

2.8088 

2.M8* 

2.09M 

3.808* 

3.0000 

3.8808 

4.008* 

4.8088 

4.00*8 

5.800* 

5.000* 

5.0*00 

6.808* 

6.000* 

6.88M 

8.9968 

8.9937 

8.9999 

1.9968 

1.9938 

1.9938 

2.9968 

2.9539 

2.9997 

3.9968 

3.954* 

3.994* 

4.9968 

4.9941 

4.999S 

5.9968 

5.9942 

5.9942 

8.5936 

8.9077 

8.9996 

1.9936 

1.9888 

1.988* 

2.5936 

2.9884 

2.9589 

3.5936 

3.9887 

3.9887 

4.9936 

4.9898 

4.9983 

5.9936 

5.9893 

5.9893 

0.9985 

0.9818 

8.9991 

1.9905 

1.9825 

1.5825 

2.99*5 

2.9832 

2.5977 

3.9905 

3.9839 

3.5839 

4.9305 

4.9845 

4.5964 

S.99es 

5.9858 

5.5858 

0.9873 

8.9768 

8.5985 

1.9873 

1.9774 

1.9773 

2.9873 

2.9785 

2.596* 

3.9873 

3.9796 

3.9796 

4.9873 

4.9885 

4.5541 

5.9873 

5.5013 

5.5813 

8.9841 

8.9784 

8.9977 

1.9841 

1.9724 

1.9724 

2.9841 

2.9741 

2.994* 

3.5841 

3.9756 

3.9756 

4.5841 

4.9768 

4.9314 

S.S841 

S.9779 

5-9779 

Tables  (6.1)  and  (6.2)  give  values  of  the  first  ap¬ 
proximation,  second  approximation  and  exact  solution 
for  A  which  locally  maximize  and  minimize  the  BUMP 
MULTIPLIER  for  the  same  special  case  of  v.,,ial  (or 
opposite)  disturbances  and  constant  speeds. 

The  major  conclusions  to  be  drawn  are: 

(a)  Again  the  spacing  that  maximizes  or  minimizes 
the  acceleration  response  depends  very  weakly  on  the 
damping  parameter,  a, 

(b) the  First  approximation 

X  —  nr  —  Vi  2  ~  nr  —  a 

is  an  excellent  approximation  to  the  exact  solution  for 
reasonably  small  values  of  damping. 
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1.  MM 

2.  MM 

3.  MM 
«. MM 
5.  MM 
C.HM 

€.9968 

1.9968 

2.9968 

3.9968 

4.9968 

5.9968 

8.9936 

1.9936 

2.9936 

3.9935 

4.9936 
5.5936 

8.9995 

1.9995 

2.9995 

3.9995 
*.9995 
5.9395 

8.9873 

1.9873 

2.9873 
3.5S73 

4.9873 

5.9873 

8.9841 

1.9841 

2.9841 

3.9841 

4.9841 

5.9841 
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2.  MM 

3.  MM 

4.  MM 

5.  MM 
6.9M0 


1.8988 

2.8998 

3.8998 
4.9998 

5.8998 

6.8998 


8.9999 
1.9998 
2.9997 
3.9996 
4.9915 
5. 9995 


8.9937 

1.9958 

2.9939 

3.9956 

4.9941 

5.999$ 


8.9996 

1.S992 

2.9989 

3.5586 

4.9983 

5.9988 


8.9877 

1.9992 

2.9684 

3.5586 

4.9899 

5.9584 


8.9991 

1.9984 

2.9976 

3.5570 

4.9964 

5.9559 


8.5818 

1.9984 

2.5832 

3.5970 

4.9845 

5.9959 


8.9985 

1.5972 

2.5569 

3.5958 

4.5541 

5.5933 


8.976* 

1.9972 

2.5785 

3.5958 

4.9835 

5.9933 


8.9977  8.9784 
1.5957  1.9557 
2.S9<e  2.9741 
3.9926  3.9326 
4.9914  4.9768 
5.9903  5.93*3 
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7.  EXAMPLE:  THE  CLASSICAL,  UNDERDAMPED 
SPRING-MASS-DAMPER  TAXIING  OVER  TWO 
RAMPS. 

We  consider  the  example  of  a  classical,  single  degree- 
of-  freedom  oscillator  that  encounters  two  ramp  distur¬ 
bances.  The  disturbances  are  separated  by  a  distance 
l  and  occur  at  times  ti  and  t2,  respectively.  The  taxi 
speeds  V),  V2  are  not  necessarily  equal  at  the  time  of  the 
encounters,  nor  are  the  ramp  angles  61,62- 


A  =  y  =  A0\/T— "f* 


and  the  relationship: 


CKO  =  JW0 


Note  the  distinction  between  the  hypothetical  undamped 
frequency  wq  a^d  the  actual  damped  frequency  ui.  Note 
also  the  distinction  between  f,  the  fraction  of  critical 
damping  as  related  to  the  hypothetical  undamped  fre¬ 
quency  wo,  and  a  which  we  use  to  relate  damping  to  the 
actual  damped  frequency  w. 


A 
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The  differential  equation  of  motion  is: 


mz  +  cz  +  kz  =  eg  +  kg 


where: 


g[t)  =  V6tu(t) 
u(t)  =  unit  step  function 
We  make  the  usual  abbreviations: 

f  =  ratio  of  damping  to  critical  value,  c/2mw0 
w0  =  undamped  natural  frequency,  \Jkjm 

By  solving  the  ordinary  differential  equation  of  motion 
for  the  displacement  in  acceleration  response  to  the  ramp 
inputs  (with  zero  initial  conditions)  and  then  differen¬ 
tiating  those  results  twice  with  respect  to  time  we  find 
the  various  parameters  to  use  in  Ecuatinns  12.1 1  anrl 

(3.1): 

A.  =  W,(l-2fJ) 

B, =2W,C\^  _  (7.2) 

w  =  damped  frequency,  w0yl  -  fl 
o  =  f/\/l  -I1 

We  also  note  the  nondimensional  reduced  frequencies  : 


For  purposes  of  illustration  we  pick  the  fictitious 
undamped  natural  frequency  to  be 

v0  =  It  rad f  see 

fo  =  i*>o/2x  =  1.0  Hz, 
and  we  pick  the  damping  value 


so  that 


f  =  c/2mw0  =  0.1 


y/l  -  f2  =  0.9950 


a  =  g/yji  -  =  0.1005 

Note  that  this  means  the  actual  damped  frequency  is: 
w  =  1.99r  rad/ sec;  f  ~  0.9950  Hz 


All  members  of  the  family  of  infinite  ramps  are  sim¬ 
ilar.  Therefore,  For  every  ramp  input  (regardless  of 
speed  V,  frequency  w  or  slope  6)  the  similarity  param¬ 
eter  (  is: 


_  B  _  2fyl  — f*  _ 


<1  =  (1  =  <  =  J  =  tan<>>  =  0  2030 


The  second  phase  shifts  for  the  location  of  the  local 
extrema  of  the  decaying  acceleration  response  will  be 
identical: 

61  =  =  6  =  sin-1  f  =  0.1002  rad  =  5.739° 

Figure  (7.1)  illustrates  the  two  phase  shifts  g>i  and  S 
versus  the  damping  ratio  <;. 

Amplitude 

The  potential  amplitudes  of  the  decaying  acceleration 
responses  are  obtained  by  applying  the  definitions  in 
equations  (7.2)-(7.4)  to  the  equations  for  similar  dis¬ 
turbances.  Equations  (6.1)-(6.5). 
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Figure  (7.2)  illustrates  the  decaying  acceleration  re¬ 
sponse  of  the  classical  spring-mass -damper  for  a  typical 
single  ramp  input  at  a  constant  speed  of  1'  =  10.0  l /sec 
,  where  the  length  emits  are  in  any  convenient,  consis¬ 
tent  system.  Figure  (7.3)  illustrates  the  sensitivity  to 
speed  by  plotting  the  acceleration  response  for  a  range 
of  speeds  V  =  10,11,. ..  ,20  l/scc.  Note  that  the  am¬ 
plitude  of  the  acceleration  response  to  the  single  distur¬ 
bance  grows  monotonkally  with  increasing  speed.  Fig¬ 
ure  (7.4)  illustrates  a  curious  feature  in  the  dependence 
of  the  acceleration  response  on  damping  for 

f  =  0.1,0.2,...,0.5 

at  a  constant  speed  of  V  =  10.0  l/scc.  Large  values 
of  damping  actually  increase  the  peak  acceleration  re¬ 
sponse  at  the  earliest  instants  of  time.  These  effects  are 
the  result  of  the  term 

which  reaches  its  maximum  value  at  f  =  y 


Figure  (7.5)  illustrates  the  decaying  acceleration  re¬ 
sponse  for  traversing  two  equal  (but  opposite)  ramps, 
separated  by  a  distance  of  20.0  *,at  a  constant  speed  of 
10.0  l/scc.  Note  that  the  maximum  amplitude  of  the 
acceleration  response  to  the  combined  disturbances  at 
a  speed  of  10.0  l/scc  is  actually  smaller  than  the  accel¬ 
eration  response  to  the  first  disturbance  alone  at  the 
same  speed.  Figures  (7.6)  and  (7.7)  show  that  this 
will  not  always  be  the  case.  By  changing  the  constant 
speeds  to  V  =  8.02  and  13.46  l/scc  for  the  same  ramp 
geometry,  the  acceleration  response  to  *he  combined 
disturbances  can  be  markedly  greater  than  the  accel¬ 
eration  response  to  the  first  disturbance  alone.  Fig¬ 
ure  (7.8)  further  illustrates  the  sensitivity  to  speed  by- 
plotting  the  acceleration  response  for  a  range  of  speeds 
V  =  !0, 11,...,  20  l/scc.  While  the  amplitude  of  the  ac¬ 
celeration  response  to  the  single  disturbance  grew  mono- 
tonically  with  increasing  speed,  the  amplitude  cf  the 
acceleration  response  to  the  combined  disturbances  dis¬ 
plays  a  much  more  complicated  structure. 

Figure  (7.9)  shows  the  damping  effect  on  the  acceler¬ 
ation  response  to  the  combined  disturbances.  Note  how 
the  tnaximums,  zeroes  and  minimums  occur  at  ncarly 
the  same  periodic  values  of  A,  regardless  of  the  valise  of 
the  critical  damping  ratio  f . 
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Bump  Multiplier 

Reverting  to  the  general  case  of  non-constant  speeds  and 
ramp  angles,  the  potential  amplitude  for  the  dynamic 
acceleration  response  to  the  combined  disturbances  is 
given  by: 

i?2  =  +  2  (^l^le2l)  <-21  +  (^l®l«2l)5 

=  (7.6) 

v/iere: 

ejl  =  _  e-«A  =  e-o.ioosA 

C21  =  cos  [w(<2  -  tj))  =  cos  A 
The  BUMP  MULTIPLIER  from  Equation  (6.3)  is 


The  term  in  Equation  (7.7)  gives  the  pure  mag¬ 
nitude  effect  of  the  two  disturbances.  The  radical  gives 
the  spacing  effect.  The  dominant  term  is  C2i  —  cos  A, 
which  is  modified  by 

(viBi  \  _  (V101  \  -oA  _  (YlOl\  --0.1005A 

iw)‘J1-ye  -\m)e 

Equations  (7.6)  and  (7.7)  are  very  powerful  re¬ 
sults  which  relate  the  potential  amplitude  Rj  and  the 
BUMP  MULTIPLIER  to  the  instantaneous  speeds  Vlt  Vj  J 
the  average  speed  V,  the  ramp  angles  61,62,  the  damp¬ 
ing  parameter  a  and  the  average  reduced  frequency  A  = 
Iw/V. 

Best  /Worst  Runway  Profiles 
Recall  that  the  equations  which  determine  the  best/worst 
runway  profiles  or  speeds  were: 


_lsin(A  +  ^)  +  ^™:=0 


tan  ^12  =  a 


For  this  example: 


tpu  —  sin-1  f  =  0.1002  rad  =  5.739° 

For  constant  speeds  and  equal  (but  opposite)  ramps 
Equation  (6.4)  reduces  to 

je~A  +  sin  (>  +  012)  =  0  (7.8) 


a.  First  Approximation 

The  first  approximation  to  the  time  delays  that  locally 
maximize  and  minimize  the  acceleration  response  to  the 
combined  disturbances  is: 

A«nx-^>12;  n=  1,2,3...  (5.4) 


A  =  3.0414, 6.1830, 9.3246, 12.4662, . . . 

^  =  0.9681, 0.9841, 0.9S94, 0.9920, . . . ;  n  =  1, 2, 3 . . . 

b.  Exact  Solution 

In  obtaining  the  exact  solution  for  the  time  delays,  the 
values  of  C„  for  n  =  1,2,3. ..  are: 

Cn  =  21.04;  -486.9;  11270;  -310,700... 

The  corresponding  exact  (rapidly  diminishing)  values  of 
0n  we: 

0n  =  4.779*10-3,  -2.064*10~4,  8.920*10~6,  -3.855*10 
and  the  exact  values  of  A  are: 

A  =  3.0366,6.1832,9.3246,12.4662,... 

—  =  0.9666, 0.9841, 0.98«4, 0.9920, ...;  n  =  1, 2, 3, .. . 
TIT 

These  small  values  of  /?„  illustrate  why  the  first  approx 
imation  is  such  an  excellent  approximation. 

c.  Second  Approximation 

The  approximate  solutions  for  small  f  would  be: 

r= - 2  (41°) 

C„V1  -ha1  -a1 

These  approximations  to  /?„  are: 

0„  =  4.774  *  10'3;  -2.064  «  10~4, . . . 

They  differ  from  the  exact  values  only  for  n  =  1,  and 
then  very  slightly.  In  addition,  both  the  exact  solutions 
and  the  second  approximations  are  very  small  correc¬ 
tions  to  the  first  approximation: 

A  =  rnr  -  4>i2  ~  nx  -  a  (5.4) 


Earlier  in  this  section,  when  we  found  the  speeds 
8.02  and  13.46 1 /sec  that  increased  the  acceleration  re¬ 
sponse  to  two  equal  (but  opposite)  disturbances  sepa¬ 
rated  by  a  distance  20.0/,  we  used  the  results  in  Table 
(6,2).  Table  (6.2)  shows  that,  for  a  «  0.1,  the  exact  so¬ 
lutions  for  the  values  of  the  reduced  frequency  A  =  lu/V 
that  extremize  the  acceleration  response  to  the  com¬ 
bined  disturbances  are: 


Maximize:  A/ir  =  0.9447, 2.9558, 4.9616, . . . 
Minimize:  A/rr  =  1.9853,3.9774,5.9731,... 


For  a  length  l  =  20.0  l,  and  noting  that  /  =  w/27r  = 
0.995  H z,  these  results  translate  to  the  follow  •  speeds: 


Maximize:  V  -  42.13, 13.46, 8.02  l /see, . . . 
Minimize:  V  =  20.05, 10.01, 6.66  l /see, . . . 


Note  that  Table  (6.1)  or  (6.2)  requires  the  use  of  the 
damped  reduced  frequency,  A  =  lui/V  rather  than  the 
the  fictitious  undamped  reduced  frequency  A0  =  Iuiq/V. 


8.  APPLICATION  TO  NONLINEAR  CALCU¬ 
LATIONS  AND  TEST  PROGRAMS 


a.  Three  Principles 

The  first  set  of  basic  ideas  to  keep  in  mind  when  when 
using  these  results  to  plan  nonlinear  calculations,  HAVE 
BOUNCE  (taxi)  tests  or  AGILE  tests  is  that  a  use- 
f  tl  building  block  is  the  infinite  ramp,  that  two  infinite 
(opposite)  ramps  can  combine  to  produce  an  AGARD 
Bump,  and  that  two  (opposite)  AGARD  bumps  can 
combine  to  produce  an  AGARD  Repair  Mat. 


Second,  recall  that  for  two  disturbances  separated 
by  a  distance  l,  the  best/worst  combinations  tend  to 
occur  when: 


>  fw  n  If 

A  =  =  2jt-i-  w  imt  —  a  ;n  =  1,2,3.. 

V  V 


;n  =  1,2,3... 


Third,  the  potential  amplitudes  of  the  acceleration 
response  of  a  classical  single  degree-of-freedom  oscilla¬ 
tor  to  a  single  infinite  ramp  and  to  two  combined  ramps 


Ri  —  kWol^l 


R2  =  Wo\/(V202)2  +  2(V202)(V101e21)C21  +  (V^ej,)2 


e2i  =  e-a“(‘2-‘»)  =  e~aX 
C*2J  =  cos  [w(t2  —  *l)l  =  COS  A 


b.  The  Acceleration  Response  onthe  Initial  Slope  of 
Beginning  with  the  basic  building  block  of  the  infi¬ 
nite  ramp  we  have  shown  that  the  acceleration  response 
is  given  by: 


S(0Lf  Qw(t“£l)sin[u;(«-t1)  +  ^1]  (2.2) 


The  initial  acceleration  response  at  the  first  comer 
will  be  given  by: 


i=(+  =Ri  sin0i 


We  have  also  shown  that  the  local  extrema  of  the  accel¬ 
eration  response  are  given  by: 


-7J?L=e“0l(2n"1>5_<*>+M  ;n=  1,2,3,... 


and  that  they  occur  when 


u)(tpea t  -  t\ )  =  (2n  -  l)j  -  (<£i  +  61)  \  n  =  1,2,3,... 


This  translates  to  distances  of: 


xpeak  ~ 'xi  ~  ~  (^n  1)9  (01  1"  ^l)  :  U  —  ..,2,3,  — 


*  *  »•»  *  M  *  .T*  _ 


_  (2n  —  l)Vj  f  2 (*,+«,)' 

4/  [*  ~  3r(2n  - 1)  l"-1’2.3!---  (8.3 


These  are  the  expressions  for  the  peak  amplitudes 
of  the  acceleration  response  and  the  locations  of  those 
peak  acceleration  responses  on  the  initial  slope  of  an 
AGARD  Repair  Mat.  Conversely,  if  the  length  of  the 
initial  ramp  is  lu  we  know  that  the  local  extrema  of 
the  acceleration  response  will  occur  somewhere  on  the 
initial  ramp  for  speeds: 


Otherwise  the  peak  acceleration  responses  on  the  ini¬ 
tial  slope  will  occur  at  the  first  comer  or  at  the  second 
cornerwhere  the  value  is: 


5L-  =  Ri‘  sin  (tt  +  *i)  (8-5) 


c.  The  Flat  Area  of  a  Repair  Mat 

We  assume  that  angles  flj ,  ff2  are  equal  and  opposite 
and  that  /j,  the  length  of  the  ramp,  is  small  enough  so 
that  the  speed  over  the  initial  slope  is  constant,  V)  = 
V2.  Then  the  acceleration  response  to  the  combined 
disturbances  is: 


(c j(t  -  t2)  +  fc]  (3.4) 


R2  -  -  2e2iC2i  + 


tmfa  =  —  g2»(521  +tC2l) 

1  -  e2j(C2i  -  iS21) 

The  acceleration  response  just  sifter  the  second  cor¬ 
ner  is: 

h\,^~  fZ2sin^2  (8.6) 

u-ij 

The  local  local  extrema  of  the  acceleration  response 
on  the  flat  part  of  the  repair  mat  are  given  by: 

«2  ;n=lj2>3j... 


and  thev  occur  when 


w(tpeoi  -  h)  —  - — - ( 4>2  +4)  ;  n  =  1, 2, 3, . . . 


This  translates  to  distances  of: 


V  (2n  —  lbr  .  _  .1  ,  „  „ 

Xpcok-z  2  =  — - 2 - (?>2+^)  ;n  =  1,2,3,... 

_  (2n-l)V  f  2(<j>2  +  6j)]  ....  , 

4/  — '  [2  “  ?(2n~i)j  •n  =  1-2-3--  (S'7) 

where  in  this  case  V  is  the  average  speed  over  the  flat 
part  of  the  repair  mat.  If  the  length  of  the  flat  part  is 
I2,  we  know  that  local  extrema  acceleration  responses 
will  occur  somewhere  on  the  flat  part  for  speeds: 

V< - ...  .....  ;n  =  1,2,3,...  (8.8) 

<*•-!>  [i-iS£3?r 

Otherwise  it  will  occur  at  the  second  or  third  corners. 

d.  Obtaining  the  Inf  iniit  Ramp  Data  f  rom  the  Teat 
Because  of  the  impossibility  of  experimentally  devel¬ 
oping  an  Infinite  Ramp ,  it  will  be  more  practical  to 
excite  the  oscillator  with  an  AGARD  Bump  and  then 
infer  what  the  acceleration  response  would  have  been 
to  an  Infinite  Ramp.  We  assume  that  we  have  excited 
the  oscillator  with  an  AGARD  Bump  and,  therefore, 
we  will  know  e2],  S2t  andC21  and  will  have  measured 
R2,a,wt<j>2  in  the  equation: 

z(t)|t>{2  =  iJ2e"a"^~<5) sin  [u;(t  -  <2)  +  <f>2\  (3.4) 

The  potential  amplitude  can  be  obtained  from: 

Rx  =  (8.9) 

V1  “  2cZI  ^21  +  ell 

Then  the  phase  lag  cj>\  can  be  obtained  from: 

(»•“>) 

tandq  =  e 


e.  Guidelines  for  Nonlinear  Calculations,  AGILE 

Tests  and  Taxi  Tests  1 _ „ 

We  begin  by  calculating  or  measuring  the  acceleration 
response  to  an  AGARD  Bump 


W—  tr->l 


over  a  range  of  speeds  V  and  angles  6.  Since  the  acceler¬ 
ation  response  will  undoubtedly  not  be  purely  in  a  sin¬ 
gle  degree-of-freedom,  we  must  process  the  test  data  to 
obtain  separate  values  of  R%,  a,  w  and  fa  for  each  degree- 
of-freedom.  Then  for  each  speed,  angle  and  degree-of- 
freedom  we  calculate: 

e2i  =  C2,  =  cos[w(t2  - 12)] 

and  we  use  Equations  (8.9)— (8.11)  to  calculate  Ry  and  <j>y 
A  good  test  of  our  assumed  linearity  is  to  form  fy.  The 
values  for  each  degree  of  freedom  should  be  approxi¬ 
mately  independent  of  speed  V  or  angle  6. 

The  next  step  should  be  to  test  the  linear  result  that 
the  Best/Worst  AGARD  Bumps  will  be  those  for  which 


A  =  -y-  =  nit  —  a  ;n  =  1,2,3... 

Since  ly  is  fixed  by  the  AGARD  geometry,  we  can  ac¬ 
complish  this  variation  by  choosing  the  speeds  to  be: 


Me 


as  just  the  negative  of  the  initial  slope:  with  the  only 
distinction  that  it  begins  at  a  distance  of  ly  -f  /2  after 
the  initial  slope.  Then  we  can  search  for  the  Best/Worst 
length  of  the  repair  mat  by  setting: 


r  _  (*1  +  hju  _ 


=  nn  —  a;  n  =  1,2,3,... 


where  V  is  the  average  Speed  over  the  distance  between 
r2  and  x3.  In  this  case  we  have  both  the  average  speed 
V  and  the  length  12  to  use  as  variables. 


Now  we  note  that  the  total  length  of  the  AGARD 
Repair  Mat  is  2lj  +  /2  and  assume  that  another  repair 
mat  is  placed  a  distance  l3  behind  the  first  mat. 

Therefore,  to  look  for  the  Best/Worst  spacings  we  set: 

-  ,2/j  + 12 + i3)w  ,  „„ 

A  =  {  — - 4 — —  =  n-n  -  a;  n  =  1,2,3... 

v  V 

where  V  is  the  average  speed  between  the  two  repaii 
mats. 

9.  CONCLUSIOI  T° 


We  can  interpret  the  final  slope  of  the  AGARD  Re¬ 
pair  Mat  between  points  x3  and 


’Ve  have  treated  the  dynamic  response  of  an  air- 
crait  taxiing  over  runway  disturbances,  under  the  as¬ 
sumption  that  the  gross  aspects  cf  the  dynamic  response 
can  be  found  in  the  analysis  of  a  linear,  one  degree-  of- 
freedom  system,  excited  by  two  successive  disturbances. 
We  have  found: 

a.  There  is  a  great  deal  that  can  be  learned  about 
the  governing  physics  for  aircraft  dynamic  response  to 
taxi  over  damaged  and  repaired  runways  by  examining 
the  results  of  calculations  with  relatively  simple,  linear 
models. 


b.  The  seemingly  complicated  time  histories  can  be 
merely  superpositions  of  relatively  simple,  time-phased 
events. 


C.  Relatively  simple  expressions  are  available  for  the 
potential  amplitude  (an  upper  bound)  of  the  accelera¬ 
tion  response  excited  by  one  or  two  disturbances.  In  the 
(not  too)  special  case  of  similar,  disturbances  separated 
by  a  distance  l,  with  nonconstant  speeds  and  ramp  an¬ 
gles,  the  expression  for  the  potential  amplitude  Rj  is: 

R2  —  wo 


/{v2e2)t  +  2  v2e2  (VA'2i)c2t  +  (v^)1 


where 

e21  =  e-Q* 
C;i  =  C03  A 

A  =  lu/V 


d.  The  effects  of  disturbance  sparing  and  variable 
taxi  speed  are  controlled  by  the  reduced  frequency,  b&sedj 
on  the  average  speed  between  disturbances: 

e.  One  need  not  actually  calculate  the  time  histories 
to  find  the  best/worst  profile?-  and  spee«3,  but  can  use 
the  expressions  for  the  potential  amplitude  R2  and  the 
BUMP  MULTIPLIER 

f.  To  maximire/'inininnze  dynamic  response  a  good 
approximation  for  A  is 

A  sb  it  —  a 


g.  While  damping  obviously  controls  the  dynamic 
response  to  the  disturbances,  the  critical  speeds  and 
disturbance  spacings  are  weak  functions  of  damping. 

h.  These  results  cp-  easily  be  extended  from  two 

disturbances  to  an  arl  -a  umber  of  disturbances  and 

multiple  dc-g/ec-of-fr  ^  stems  with  multiple  land¬ 
ing  gear. 

5.  The  results  of  calculations  based  on  these  linear 
methods  should  be  compared  with  resu.ts  from  fiight(taxi) 
tests,  AGILE  tests  and  nonlinear  calculations.  This  is 
not  to  say  that  the  linear  results  shouid  be  relied  on  to 
predict  detailed  loads;  rather  the  question  should  be  do 
the  simple  linear  models  predict  the  erit:cal  spteds  and 
spacings  so  that  we  can  use  them  to  guide  our  test  pro¬ 
grams  and  nonlinear  solutions. 
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The  presence  of  nonlinesr  elements  in  a  structural  system 
can  have  a  substantial  ef:.ect  on  measures  of  structural 
response  vhlch  characterize  linear  behavior.  A  fora  of 
nonlinearity  frequently  observed  in  complicated  structures 
is  the  rattling  nonlinearity  that  results  from  impact  of 
structural  elements.  The  objective  of  this  investigation  is 
to  establish  the  effects  on  the  frequency  response  function 
of  a  simple  system  caused  by  structural  rattling.  The  study 
uses  a  Monte  Carlo  approach  in  conjunction  with  numerical 
response  analysis  and  laboratory  experiments  to  assess  the 
characteristics  of  the  system.  It  is  shown  that  the 
presence  of  rattling  components  in  a  structural  system  tends 
to  diminish  amplification  of  motion  at  structural  modal 
frequencies  and  introduce  additional  frequency  response 
throughout  the  r?"ainder  of  the  excitation  bandwidth. 


INTRODUCTION 

Many  structural  systems  are  subjected  to 
dynamic  environments  during  their  service  lives. 
To  assess  the  behavior  of  proposed  systems  we 
model  and  analyze  then  using  the  methods  of 
structural  dynamics  [1].  To  assess  the  dynamic 
behavior  of  existing  systems  we  run  vibration 
tests.  Typically,  a  variety  of  test 
measurements  are  recorded  and  analyzed  to 
describe  systen  character  [2].  These  measures 
ijclude  response  time  histories,  modal 
parameters,  frequency  response  functions,  etc 
13J. 

The  linear  system  assumption  is  the 
simplest  behavior  to  model.  Therefore,  the  most 
frequently  used  measures  of  response  behavior 
come  from  the  linear  theory  [4].  Yet  most 
structures  exhibit  some  degree  of  nonlinear 
behavior.  When  ve  test  a  structure  which  is 
nonlinear  it  is  often  difficult  to  interpret  the 
measures  of  response.  Specifically,  questions 
arise  with  regard  to  the  system  character 
obtained  through  data  analysis.  For  example, 
the  frequency  response  functions  of  a  nonlinear 
system  may  not  resemble  those  for  a  classical 
linear  system. 


This  study  investigates  the  frequency 
response  functions  of  a  specific  nonlinear 
system  using  a  Monte  Carlo  approach  and 
laboratory  experiments.  In  particular,  the 
frequency  response  functions  of  a  structure 
containing  loose  (potentially  rattling) 
components  are  studied.  The  model  used  is  a 
discrete,  lumped  mass  two  degrees  of  freedom 
system.  One  mass,  m^  is  assumed  rigid  and  base 

excited,  while  the  second  mass,  slides  freely 

between  end  constraints  on  mass  one. 

A  random  vibration  approach  is  used  to 
estimate  the  frequency  response  functions  of  the 
system  under  consideration  [5].  This  method  is 
presented  with  numerical  and  experimental 
examples.  Numerical  examples  are  worked  to 
investigate  the  effect  of  parametric  variations 
in  the  system.  Three  parametric  variations  are 
studied.  First,  the  effect  of  varying  the 
distance  available  for  mass  tvo  to  slide  betveen 
mass  one's  end  constraints  is  investigated. 
Second,  different  base  excitation  levels  are 
considered.  The  third  variation  involves  using 
a  coefficient  of  restitution  which  is  less  than 
one  to  compute  the  system's  frequency  response 
function. 


This  work  was  performed  at  Sandia  National  Laboratories  and  supported 
the  O.  S.  Department  of  Energy  under  Contract  Number  DE-AC04-76DP00789 


ANALYSIS 


The  frequency  response  funct:  ons  of  a 
structural  systea  are  a  fundamental  t  aasure  of 
systea  character.  They  can  be  used  to  establish 
modal  frequencies,  modal  damping  factors  and 
■ode  shapes  in  linear  systems.  Further,  they 
can  be  used  to  predict  the  response  of  linear 
systems  to  arbritrary  excitations.  When  a 
systea  is  slightly  nonlinear  its  frequency 
response  functions  can  still  be  used  for  these 
purposes,  but  the  degree  of  accuracy  in  the 
■odal  characteristics  and  the  response 
predictions  is  inversely  proportional  to  the 
degree  of  nonlinearity.  The  objective  of  this 
investigation  is  to  determine  the  effect  of  a 
rattling-type  nonlinearity  on  the  predicted 
frequency  response  functions  of  a  simple 
structure  when  the  linear  random  vibration 
approach  is  used  to  estimate  the  structure's 
frequency  response  function. 

The  acceleration  frequency  response 
function  of  a  simple  structure  containing  a 
rattling  component  is  established  using  five 
major  analysis  steps.  In  the  first  step  the 
equations  of  motion  for  the  nonlinear  system  are 
defined.  Second,  the  method  for  solving  these 
equations  of  motion  is  established.  Third,  the 
equations  for  generating  band-limited  vhite 
noise  excitation  are  developed.  Next,  formulas 
for  estimating  the  autospectral  density  of  the 
excitation  and  the  cross  spectral  density 
between  the  excitation  and  response  are  written. 
The  final  step  discusses  using  these  spectral 
density  computations  in  estimating  the  system's 
frequency  response  function. 

This  analysis  approach  was  implemented 
using  Fortran  77  on  a  personal  computer.  The 
procedure  involved  in  implementing  this  solution 
on  the  computer  is  detailed. 

The  model  chosen  to  investigate  a  structure 
containing  rattling  components  is  shown  in  Fig. 
1.  The  model  is  a  discrete,  lumped  mass  two 
degrees  of  freedom  systea.  Hass  one,  a^,  is 

assumed  rigid  and  base  excited.  Hass  two,  m 

is  assumed  to  slide  without  friction  between  the 
end  constraints  on  a^.  Mass  two  represents  the 

system  rattle  mass. 

In  order  to  define  the  governing  equations 
of  motion  for  this  model,  a  set  of  coordinate 
systems  were  selected  as  shown  in  Fig.  1.  In 
this  investigation  the  system  response  of 
particular  interest  is  the  acceleration  response 
of  mass  one. 

The  major  assumption  for  expressing  the 
differential  equations  of  motion  for  this  systea 
is  that  the  system  responds  at  all  times  in  one 
of  two  modes.  Specifically,  masses  m^,  and  m^ 

respond  in  one  manner,  governed  by  one  pair  of 
equations  vhen  they  are  not  in  contact;  and 
■asses  m^  and  a^  respond  in  a  different  manner. 


Fig.  1  -  A  simple  structure  containing  a 
rattling  component  (r^+  r^=  RGAP, 

which  defines  the  rattle  space). 


governed  by  another  set  of  equations  when  they 
contact.  Vhen  the  masses  are  not  in  contact,  a^ 

is  assumed  to  behave  as  a  linear,  base  excited 
single  degree  of  freedom  (SDF)  system,  and  *2  is 

assumed  to  move  with  constant  velocity.  Vhen 
the  masses  contact,  their  initial  and  final 
velocities  are  related  by  a  coefficient  of 
restitution  and  the  conservation  of  momentum. 

The  set  of  go 'eming  equations  of  motion 
can  be  written  for  the  two  possible  conditions 
which  affect  the  response  of  mass  one.  For  the 
case  when  a^  and  are  not  in  contact,  the 

equations  of  motion  for  m^  and  »2  are 

independent  and  defined  as  follows: 


y  +  2Cuny  +  y  -  -x  (1) 

q  -  constant  (2) 

where, 

y  =  z  -  x  (3) 

■  /TTij  (4) 

t  -  c/(2o1«n)  (5) 

and, 


x  ■  base  acceleration 
q  =  absolute  velocity  of  mass  «2 
z  «  absolute  displacement  of  mass  a. 
u >  »  natural  frequency  of  system  when 
no  contact  between  and 
C  =  systea  viscous  damping  ratio. 

and  dots  denote  differentiation  with  respect  to 
time. 


laanoni  ’_-v  Jiwnwy  'jKzsasrjit  „v  itkjs^ 
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The  aotions  of  a^  and  are  dependent  when 

a  collision  occurs.  Assusing  translational 
motion  for  a^  and  a2  during  the  iapact,  an 

expression  relating  the  velocities  of  the  aass 
centers  before  and  after  iapact  based  on  the 
definition  of  coefficient  of  restitution  is 


(q*  -  z#)  -  e(  z. 


V 


(6) 


where. 


q£  «  velocity  of  a2  after  iapact 
qj  «  velocity  of  a2  before  iapact 
»  velocity  of  after  iapact 

Zj  «  velocity  of  a^  before  iapact 

e  •  coefficient  of  restitution 
between  a^  and  a2< 

Assuaing  the  initial  velocities  and  the 
coefficient  of  restitution  between  a^  and  are 

knoyn,  an  additional  equation  is  required  to 
deteraine  the  aass  velocities  after  iapact. 
This  additional  equation  is  based  on  the 
requireaent  for  conservation  of  aoaentua.  It  is 


"1*1  + 


Vf  +  Vf 


O) 


This  condition  (describing  an  instantaneous 
change  in  aotion  when  Bj  and  a2  collide)  is  the 

nonlinearity  in  our  system. 

A  recursive  response  formulation  was 
selected  for  estimating  the  time  domain  response 
of  aass  Bj.  Since  the  structure  behaves  as  a 

linear,  base-excited,  SDF  system  when  the  masses 
are  not  in  contact,  the  relative  displacement 
and  velocity  solution  can  be  expressed  as 
follows, 

y(t>  «  J*  hjd-xX-xfxJJdT  + 


-<«n(t-to) 


(Ajcos  »d(t-to)+A2sin  «d(t-to)] 


t  >  t 


(8) 


-C»ct 


hj(t)  «  e  [cos  ttjt  - 


0.0, 


/£? 

t  >  0.0 

t  <  0.0 


sin  »jtJ, 


»  / l-t?  ' 


(ID 


(12) 


and  A^,  A2,  B^,  B2  are  constants  that  depend  on 

the  displacement  and  velocity  of  the  structure 
at  time  t  . 


Numerical  expression  of  this  tine  domain 
solution  requires  knowledge  of  the  system  base 
excitation,  x(t).  To  define  a  general 
representation  of  x(t)  an  assumption  of  linear 
variation  over  small  tine  steps  is  made. 
Specifically,  it  is  assumed  that  in  the  time 
interval  (tj,t+At)  the  excitation  can  be 


represented  as 


X(T) 


where. 


Xj  +  l(Xj+1-  Xj V  At  ]  (t— tj ) 


base  excitation  at  tine  t. 


(13) 


3 

xj+1-  base  excitation  at  time  tj+At 
tj  »  j At,  ja0,l,2, . . . ,is  a  diccrete 
sequence  of  tiaes. 

Por  this  analysis,  x(t)  was  chosen  to  be  a 
band-liaited,  white  noise  base  acceleration 

excitation  with  mean  zero  and  normal 

distribution.  Since  an  incremental  time  step 
approach  is  used  to  solve  for  the  acceleration 
response  of  aass  one,  generation  of  a 

discretized  base  acceleration,  Xj  is  required. 

The  method  used  to  generate  this  random  white 

noise  excitation  is  derived  from  the  discrete 
Fourier  transform  (DFT)  definition  and  linear 
random  vibration  principles.  By  definition,  the 
DFT  expression  for  x,  is 


x.  -  kSo  \el2^k/N  ,  j  *0,1,2, . . .N-l  (14) 


y(t)  «  h2(t-x)i-x(x))dT  + 


-^(t-V 


[BjCOS  wd(t-to)+B2sin  »d(t-to) ] 


where. 


hj(t) 


-Cm  t 


"d 

0.0, 


sm  s> jt, 


t  >  t 


t  >  0.0 


t  <  0.0 


(9) 


(10) 


when  is  expressed  as 
**k 


c,.e 


with 


and 


■  0.0, 

Vk  “  ck  » 


k  *0,1,2, ...N-l 


c.  -  /  G  Af/2  '  ,  f,N  t  <  k  <  f,N  t 

KOI  Z 


elsewhere 
k  -  l,2,...,N/2 
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yxvv  WVUTtt  ^lsi A*S2V1?W i/isiJIlWiRuSr 


?uc-»cj^3xxK/nEHEDOQBraDHSir4®a3;jriH^yDueiK33a!«ME 


where, 

f ^  -  lover  frequency  band-limit  of  signal 
f j  =  upper  frequency  band-limit  of  signal 
<  l/(2At) 

Gq  «  constant  spectral  density  aaplitude, 


-Su  At  , 

b„  «  {e  n  l-(l-2C)sin»,At  + 

r~r 

(2t/  l-C)cos»dAtl  +  «jAt 
-  2 tj l-S2  }  1  (u^«jAt) 


Vhere  the  ♦  ,  k  «  1,2,..., N/2,  are  uniformly 
distributed  random  variables  on  (-B,n),  and 

♦o  -°-° 

"*k  »  k  “  1.2,..., N/2 

Then  Xj,  j  -  0,1,2, ...,N-1,  is  a  segment  of 

band-limited  vhite  noise  with  duration  NAt,  and 
range  (fj,f_).  The  expressions  for  the 

corresponding  velocity  and  displaceaent  are 
„  ,  !♦„  i2xjk/N 

x,  -  til  Xe  e  (15) 

j  HJnk7(NAtn 

1A  i2njk/N 

*j  *  kI0  ~Xe  e  (16) 

[i2nk/(NAt)J2 

When  the  excitation  is  specified,  as  in 
equations  (13)  and  (14),  the  integrals  in 
equations  (8)  and  (9)  can  be  evaluated  and  the 
response  can  be  expressed  (assuaing  no 
collisions  occur  in  (t.,t.  2))  as 


yj+i  an  a: 


ii  ai2  lyj)  bn 

(  >  + 

21  a22  |  xj  J  b21 


b12  ft 


b22  n+i 


where  the  eleaents  of  .the  £  and  JS  aatrices  are 
At 

•  A  f  f,.  A*.  .  .....  /TO 


*12  *  e 


[sinrtjAtJ/ciij 


-Cu  At  , 

a2j  -  -e  [uVttj]  sinWjAt 


e22  ”  e  (cosWjAt  -  (Cj>n/»d)sinajAt J  (21) 
-ta  At  j 

bll  ”  {e  [(1-2C  -<«nAt)sinudAt  - 


{2CJ  1-t  +»dAi)cosadAt]  + 
2C./  K2'  )  /  («2udAt) 


-Cu  At  2 

b22  «=  {e  [(Cwn+6>^At)sinadAt  + 

2 

«dcosadAt]  -  ttj)  /  (u^u^At)  (24) 
-C»  At 

b22  =  ^“e  [  C»nsinud  At  +  BjCosUjAt]  + 

2 

«j)  /  («nwdAt)  (25) 

This  forau'.ation  of  response  is  discussed  in 
reference  £61 . 

The  displaceaent  of  aass  two  as  a  function 
of  time,  when  no  collision  occurs,  cones  fro* 
integrating  equation  (2).  The  absolute 
displaceaent  of  mass  two  expressed  at  discrete 
tine,  ^  is 


Qj  -  qo  +  VVV 


where, 


qQ  »  absolute  displacement  of  mass  two  at 
tiae  t 

o 

<ij  -  absolute  velocity  of  mass  two  at  tiae 


t0  “  the  system  initial  starting  tiae  or 

the  tiae  the  most  recent  iapact 
between  Bj  and  occured  (after  the 

first  iapact). 

Using  the  base  excitation  and  associated 
velocity  and  displacement  equations  (14)-(16). 


(18) 

ve  can  ccapute  the  absolute  response  of 
froa  equations  (1),  (3),  and  (17), 
absolute  responses  are 

mass  one 
These 

(19) 

»•  r  .  2 

2 .  -  =  y  -  »y 

3*1  tt  nJ 

(27) 

(20) 

j+i  j+i  j+i 

(28) 

(21) 

3+1  ■'j+l  j+1 

(29) 

In  addition,  recursive  equation  (17)  was  made 
realisable  by  assuaing  initial  conditions  for 
the  systea  uch  that  a^  and  »2  were  not  in 

contact  at  tiae  zero.  This  condition  was 
enforced  by  setting  the  initial  velocity  and 
displacement  of  aass  two  equal  to  the  arbritrary 
initial  absolute  velocity  and  displaceaent  of 
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mass  one,  z^,  and  z ,  respectively. 

The  approach  used  to  analyze  the  response 
vhen  contact  occurs  betveen  sasses  one  and  tvo 
involves  a  multiple  step  computation.  Consider 
the  tiae  interval  (tj,tj+j).  First,  given  that 

all  response  measures  are  known  at  t ^ ,  the 
linear  response  is  estimated  at  t^+^  using 

equations  (15)  -  (17)  and  (26)  -  (29).  The 
inequalities 


•.Tk  *-V*_Ta  -'Si  -.’V^V- 


and  3  nust  be  nodified  based  on 
addition,  the  base  acceleration  at 

codified  by  linear  interpolation  to  be 


hr. 

lj+l 


In 

is 


x.  .=  x.  +  Ax*[(x.  , 
J+Ax  3  J+1 


Xj)/At] 


(33) 


In  order  to  compute  the  absolute  velocity  z- ,  a 

siailar  interpolation  is  used  for  calculating 
the  base  velocity  at  the  tice  of  collision. 
This  estimate  is 


qj+l  -  zj+l  *  C*° 
qj+l  -  zj+l  *  RGAP 


(see  Fig.  1) 


*j+Ax  *=  *j  +  ^I<Sj  +  *j+At^/2'0^  (34) 

Thus,  the  inpact  velocity  for  nass  one  is 


are  checked  and  if  either  one  is  satisfied  then 
an  impact  betveen  and  m2  has  occurred  in 

(tj,tj+j)  and  the  response  computed  at  t^+j  must 

be  corrected.  To  do  this,  the  time  vhen 

qk  '  *k  °  °'°  <3°) 


zi  =  yj+AT +  xj+hx 


(35) 


The  final  velocities  after  impact  are  computed 
from  equations  (6)  and  (7).  Rearranging  terms 
and  solving  for  the  final  velocity  of  mass  one 
yields, 


q^  -  z^  =  RGAP 


(31) 


(depending  on  vhich  of  the  above  corresponding 
inequalities  is  satisfied)  must  be  estimated. 
The  and  z^  are  displacements  at  a  time  t^ 

equal  to  U  plus  At,  vhere  At  is  in  the  interval 

(0,At).  The  collision  time  is  estimated  by 
approximating  z(x),  t^<  X  <tj+1»  as  a  quadratic. 

The  coefficients  of  the  quadratic  are  evaluated 
by  setting 


and 


z(t.)  -  z.  ,  z(tj+1)  =  z.+1 


z(tj+(At/2))  =  (Zj  +  Zj+1)/2 


The  values  on  the  right  sides  are  known  from  the 
initial  linear  computation.  A  linear 
expression,  equation  (26),  is  used  for  computing 
q^.  Nov  the  quadratic  approximation  for  z(x) 

and  the  linear  expression  for  q^  are  used  in 
equations  (30)  or  (31)  to  evaluate  t^,  the 
collision  time. 

Next,  the  impact  velocities  of  m^  and 

must  be  estimated.  Recalling  the  assumption  for 
the  velocity  of  a,  from  equation  (2), 


Qj  *  (32) 

To  estimate  the  impact  velocity  of  m^  ve  return 

to  recursive  equation  (17)  and  compute  the 
response  using  a  time  step  equal  to  the  nevly 
computed  time  of  collision.  Ax  (the  matrices 


*f  -  2j)  +  BjZj  +  »2qil/(v  *2)  <36> 

and 

qf  -  -  e(qA  -  Zj)  (37) 


These  nev  mass  velocities  are  then  used  tc 
recompute  the  response  at  time  rj+i*  This 

requires  computation  of  nev  matrix  &  and  £ 
coefficients  for  the  time  betveen  the  collision 
and  the  end  of  the  interval  in  equation  (17). 
The  conditions  at  the  tiae  of  collision  are  used 
to  represent  time  t^  in  equation  (17).  Once  the 

response  is  computed  at  t^+j,  the  original  A  and 

g  matrix  coefficients  are  used  to  compute 
responses  following  t^+j  until  another  collision 

occurs.  The  process  is  repeated  as  outlined 
before  vith  each  impact  until  all  N  response 
calculations  have  been  made.  This  same  logic 
format  vas  used  to  handle  cases  vtien  more  than 
one  impact  per  time  interval  occurred. 


After  the  time  domain  response  of  mass  one 
has  been  computed  over  the  sample  period,  the 
next  step  towards  estimating  the  system's  (m^) 

acceleration  frequency  response  function 
involves  spectral  density  estimation. 
Specifically,  the  autospectral  density  of  the 
base  acceleration  and  the  cross  spectral  density 
betveen  the  base  acceleration  and  the  response 
accelerafon  of  mass  one  are  computed.  These 
estimates  are  defined  using  the  following  Dti 
relationships, 

«xx<£)  =  <2/™d>  ki? !  ¥f’T>  i2 


(38) 


g^f)  =  (2/TNd>  kg  15^  (f,T)  ^(f.T)}  (39) 

where, 

5ck(f.T)  =  DFT  of  base  acceleration 

^(fjT)  »  DPT  of  response  acceleration  of 
mass  one 

T  *  sample  period  of  analysis 

Nj  *  the  nuaber  of  enseable  averages. 

The  equation  for  estimating  the  acceleration 
frequency  response  function  magnitude  for  mass 
one  is 

—  *  1  /*) 

G™(f )  G __  (f) 

|  FRF  |  =  — - iL. -  (40) 

exx<f>  Sx  <f> 

This  analysis  approach  is  implemented  using 
fortran  77  -.n  a  personal  computer.  The  results 
of  this  implementation  are  presented  in  the 
numerical  examples  section  of  this 
investigation. 


EXPERIMENTS 

Experiments  vere  conducted  to  validate  the 
analysis  approach  used  to  compute  the  frequency 
response  function  of  a  simple,  nonlinear 
structure.  The  structure  selected  for  verifying 
the  analysis  model  is  illustrated  in  Fig.  2. 
This  structural  system  consists  of  two  12  x 
1.688  x  0.125  inch  (304.8  x  17.463  x  3.J75  mm) 
aluminum  beams,  fastened  in  parallel  vith  a 
lumped  mass  configuration  of  threaded  stock, 
nuts,  washers  and  a  steel  plate  rattle  mass. 
This  lumped  mass  configuration  is  attached  at 
the  midpoints  of  both  beams.  The  beams  are 
preloaded  at  each  end  and  fastened  to  the  shaker 
armature  such  that  the  armature  motion  is 
transmitted  through  these  retaining  bolts  to  the 
system.  The  dimensions  of  the  rattle  mass  are 
2  x  2  x  0-25  inch  (30.8  x  50. S  x  6.35  ua).  Mass 
one  is  0.249  kg  and  mass  two  is  0.117  kg. 


Fig.  2  -  The  experimental  test  structure. 


The  experimental  objective  was  to  measure 
the  acceleration  frequency  response  function  of 
the  lumped  mass  when  the  plate  tattle  mass  vas 
held  rigid  and  when  the  plate  mass  was  allowed 
to  rattle.  A  linear,  SDF  system  condition  was 
represented  4 hen  the  rattle  mass  vas  fixed.  The 
nonlinear  condition  vas  generated  when  the  two 
retaining  nuts  around  the  plate  mass  were 
loosened  to  create  a  rattle  gap. 

The  experimental  approach  was  to  excite  the 
structural  system  with  a  band-limited  white 
noise  acceleration  excitation.  Using  a  digital 
random  vibration  control  system,  single  point 
control  on  the  armature  acceleration  vas 
monitored  to  generate  the  desired  base 
acceleration  autospectral  density.  Six 
accelerometer  measurements  were  recorded  during 
each  test  (see  Fig.  2).  Two  accelerometers  were 
mounted  on  the  armature  and  tvo  accelerometers 
vere  mounted  on  the  tops  of  the  retaining  bolts 
at  the  ends  of  the  beams.  The  other  two 
accelerometers  vere  mounted  on  the  ends  of  the 
threaded  stock.  This  vas  vhere  the  lumped  mass 
acceleration  of  mass  one  vas  measured  for  later 
comparison  vith  the  analysis.  All 
accelerometers  were  piezoelectric  type 
transducers.  Response  measurements  were 
recorded  on  analog  PH  magnetic  tape  during 
testing. 

The  data  were  analyzed  using  standard 
digital  signal  analysis  procedures  applicable  to 
linear  random  vibration  testing.  The  test 
system  acceleration  responses  vere  analyzed 
through  estimation  of  their  associated  transfer 
function  magnitudes  and  coherences.  These 
measures  of  system  character  were  made  with 
respect  to  the  spectrum  of  the  test  system 
control  accelerometer.  The  data  were  analyzed 
with  an  effective  noise  bandwidth  of  2.00  Hertz 
(equivalent  rectangular  bandpass  filter  width). 

Initial  testing  verified  the  simple 
structure  responded  as  a  linear,  SDF  system  when 
the  rattle  plate  was  held  fixed.  The 
structure's  first  bending  mode  was  estimated  to 
be  at  138  Hertz. 

Using  feeler  gages,  rattle  gaps  of  0.005 
inch  (0.127  mm),  0.010  inch  (0.254  cm),  and 
0.020  inch  (0.508  ma)  vere  introduced  irto  the 
test  setups.  Numerous  experiments  vere 
performed  vith  these  gaps  over  flat  base 
acceleration  auto;  tral  density  levels  ranging 
from  0.000001  2/Hz  to  0.01  g**2/Hz.  The 
frequency  bandwidth  of  these  excitation 
spec  truss  was  defined  from  5  Hertz  to  300  Hertz 
for  all  experiments. 

Several  observations  say  be  made  based  upon 
review  of  the  system's  frequency  response 
functions.  Fig.  3  illustrates  how  the  system 
frequency  response  function  is  affected  by- 
various  base  excitation  autospectral  density 
levels  for  a  constant  0.020  inch  rattle  gap. 
The  primary  effects  are  the  reduction  in  the 
system's  peak  amplification  and  the  smearing  of 
the  amplification  curve  with  increasing  base 


autospectral  density  levels.  In  addition,  the 
superposition  of  additional  frequency  response 
appears  throughout  the  analysis  bandwidth  of  the 
transfer  function.  The  effect  on  the  frequency 
response  function  caused  by  varying  the  system 
rattle  gap  and  holding  the  base  autospectrun 
constant  is  shown  in  Fig.  4.  A  similar  loss  in 
amplification  is  observed.  However,  this  change 
is  approximately  the  same  for  all  three  rattle 
gaps  at  this  test  level. 


AUTOSPECTRAL  DENSITY  EXCITATION 
COMPARISON 


Fig.  3  -  Base  excitation  autospectral 
density  comparison. 


RATTLE  GAP  COMPARISON 


Fig.  4  -  Rattle  gap  comparisons. 


NUMERICAL  EXAMPLES 


Computer  generated,  system  model  responses 
are  presented  in  this  section.  The  numerical 


examples  discussed  are  based  on  three  parametric 
variations  in  the  system  analysis.  The  first 
example  investigates  the  response  of  mass  one 
when  mass  two  is  allowed  to  rattle  in 
different  system  configurations. 


configu’ ations  are  a 


gap  in- 


four 
The 
fixed) 

a  0.010 


condition,  a  0.005  inch  (0.127  mn)  gap, 
inch  (0.254  ma)  gap,  and  a  0.020  inch  (0.508  mm) 
gap.  These  particular  intervals  were  selected 
to  compare  numerical  analysis  results  with 
experimental  results.  The  second  example 
investigates  the  amplitude  dependence  of  the 
system  frequency  response  function  when  the 
system  is  excited  at  different  autospectral 
density  levels  for  a  0.020  inch  rattle  gap.  The 
final  example  looks  at  the  effect  of  modelling 
the  mass  collisions  as  not  perfectly  elastic 
(e*l). 


These  numerical  examples  are  generated  by 
defining  specific  computer  program  input 
variables.  Example  model  parameters  were 

the  experimental 
laboratory  and  the 
chosen  based  on 
in  the  laboratory 
constants  measured 


assigned  values  based  on 
structure  tested  in  the 
analysis  parameters  were 
parameter  values  used 
analysis.  The  system  model 


from  the  experimental 
analysis  constants  are, 


structure  and  the  data 


1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 


Model  masses:  =  0.245  kg  *  0.117  kg 

Linear  system  damping  ratio:  C  »  0.01 
Linear  system  natural  frequency:  fft  »  138  Hz 

Frequency  step:  Af  „  1.00  Hz 


Nyquist  Frequency:  f. 


NYQ 


1024  Hz 


Base  excitation  bandwidth:  BW  =  295  Hz 
Coefficient  of  Restitution:  e  =  1-0 
Ensemble  averages  us  o  compute 
system  frequency  '  ^„nse  function:  K  =  20 


Tne  linear  system  (no  gap)  case  defines  equal 
to  Oj  plus  r=2  and  equals  zero. 

The  time  domain  response  records  are  2048 
samples  over  a  one  second  time  interval.  These 
response  records  were  all  generated  with  the 
same  initial  conditions  on  masses  one  and  two  as 
described  in  the  analysis  section. 


An  autospectral  density  amplitude  of  0.0001 
g**2/Hz  was  used  to  generate  a  repeatable  base 
acceleration  for  comparison  of  rattle  gap 
effects  on  the  system  frequency  response 
function.  This  base  acceleration  for  the  first 
ensemble  average  is  shown  in  Fig.  5.  Figures  6 
and  7  illustrate  the  associated  response 
accelerations  of  mass  one  computed  at  each 
discrete  time  step  for  a  linear  and  nonlinear 
analysis.  It  should  be  noted  that  Fig.  7  does 
not  show  the  collision  responses  which  occur 
within  the  time  step  interval.  These  examples 
assume  a  delta  function  represents  the  mass 
acceleration  during  impact. 
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TIME  DOMAIN  SYSTEM  BASE  EXCITATION 

RGAP=0.508tnm  L020T;  N  =  2048;  DR=0.01 

0.7  — - -  —  — 

- ASD  =  .0001  G’  '  2/Hz 

0.6  4  . 


O  0.2  0.4  0.6  CL8  1 

TIME,  seconds 


Fig.  5  -  Numerically  generated  base 

excitation  (autospectral  density 
equal  to  0.0001  G**2/Hz). 


IME  DOMAIN  LINEAR  SYSTEM  RESPONSE 

RGAP  -  0503mm  L0207.  N  =  2048;  DR  =  0.01 


—  ASD =.0001  G**2/Hz 
-3 

0  0.2  0.4  0.6  QJB  1 

TIME,  seconds 


Fig.  6  -  Linear  model  response  acceleration 
from  base  excitation  in  Fig.  5. 


TIME  DOMAIN  NONLINEAR  SYSTEM 
RESPONSE 

RGAP  =  0.508mm  1.020*);  N  2048;  DR  =  0.01 


i  - ASD  =  . 0001  G**2/Hz 

-4  t - - - , - . 

0  0.2  0.4  0.6  0.8  1 

TIME,  seconds 


Fig.  7  -  Nonlinear  model  response 

acceleration  from  base  excitation 
in  Fig.  5. 


Figures  8  through  10  are  graphical 
comparisons  of  the  frequency  response  function 
magnitudes  for  a  specil:c  rattle  gap  interval 
and  the  linear  SDF  case.  The  ensemble  average 
number  of  impacts  betveen  mass  one  and  mass  tvo 
during  a  one  second  analysis  time  vere  58,  109, 
and  175  for  Figures  8,  9,  and  10,  respectively. 
As  expected,  the  average  number  of  impacts 
increased  as  the  rattle  gap  interval  decreased 
from  0.020  inch  (Fig.  8)  to  0.005  inch  (Fig. 
10). 

Several  primary  rattle  gap  effects  on  the 
frequ  ncy  response  function  can  be  observed  by 
inspection  of  these  graphs.  First,  a  reduction 
in  the  system's  peak  amplification  is  observed. 
This  reduction  is  greatest  for  the  0.010  inch 
and  0.005  inch  rattle  gap  intervals.  Second, 
the  systems  peak  amplification  response  has 
shifted  frequency  and  several  nev  peaks  ate 
present.  Next,  a  general  spreading  in  the 
amplification  cur.e's  sharpness  is  shovn  in  all 
cases.  Fourth,  the  frequency  response  function 
is  increased  at  frequencies  avay  from  the 
natural  frequency  of  the  linear  system.  The 
final  effect  is  found  at  low  frequencies  vhere 
the  response  intercept  has  shifted  upvards  from 
1.0  to  1.5.  As  the  rattle  gap  is  diminished,  a 
general  smoothing  in  the  response  curve  is  seen 
over  the  10  to  35  Hertz  frequency  band. 


Fig.  11  presents  the  associated  coherence 
functions  for  the  linear,  0.005  inch  and  0.020 
inch  rattle  gap  responses.  These  curves  shov 
the  loss  in  unity  coherence  vith  an  increasing 
number  of  collisions  betveen  masses. 


The  frequency  response  effects  of  exciting 
the  system  in  a  0.020  inch  rattle  gap 
configuration  at  base  excitation  levels  of 
0.000005  g**2/Hz  (5.0E-6)  and  0.0000055  g**2/Hz 
(5.5E-6)  are  shown  in  Figures  12  and  13.  The 
ensemble  average  number  of  impacts  per  second  of 
excitation  is  7  and  9  for  Figures  12  and  13, 
respectively.  However,  while  the  average  number 
of  impacts  for  the  lower  level  excitation  is 
indicative  of  all  the  individual  records,  the 
higher  level  excitation  average  number  of 
impacts  is  not.  Specifically,  the  range  of 
impacts  per  run  at  5.0E-6  was  between  0  and  12 
unlike  the  range  of  impacts  per  run  at  5.5E-6 
which  was  between  0  and  124.  Vith  this 
transition,  the  shape  of  the  frequency  response 
function  begins  to  change. 

Fig.  12  shows  a  loss  in  peak  amplification 
and  the  superposition  of  additional  frequency 
response  throughout  the  frequency  bandwidth. 
Fig.  13  shows  similar  results  but  the 
amplification  curve  has  spread  out  over  a  larger 
frequency  range  and  multiple  response  peaks  are 
present.  In  addition,  the  peak  amplification  no 
longer  occurs  at  138  Hertz  but  is  nov  shifted  to 
approximately  1C5  Hertz.  In  this  example  there 
vere  two  runs  (among  a  total  of  20  analyzed)  in 
vhich  approximately  105  impacts  occurred  during 
the  one  second  response.  The  associated 
coherence  functions  for  these  t*:  e  excitation 
levels  are  shovn  in  Fig.  14.  Again,  a  loss  in 
unity  coherence  appears  directly  proportional  to 
the  number  of  collisions  per  sample  period. 
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Fig.  13  -  System  response  comparisons 
Between  two  excitation  levels 
for  a  0.020  inch  (0.508  mm)  gap. 
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-  ^  response  for  a  0.020  inch  Fig.  14  _  Associated  coherence  functions 

(0.508  mm)  gap  from  a  5.0E-6  for  excitation  comparisons  in 

G**2/Hz  autospectral  density  Figures  12  and  13. 

excitation. 


The  final  numerical  example  investigates 
the  use  in  analysis  of  a  coefficient  of 
restitution  not  equal  to  one.  Results  obtained 
using  coefficients  of  restitution  equal  to  0.75 
and  0.90  are  presented.  A  base  excitation  level 
of  0.0001  g**2/Hz  (1.0E-4)  and  a  0.020"  rattle 
gap  were  used  in  this  example. 


Fig.  15  and  Fig.  16  are  the  frequency 
response  functions  for  coefficient  of 
restitution  values  of  0.75  and  0.90, 
respectively.  Recall  Fig.  8  is  the  same 
analysis  system  but  used  a  perfectly  elastic 
collision  assumption.  Fig.  15  is  similar  to 
Fig.  8  but  tvo  distinct  differences  are 
observed.  First,  the  additional  frequency 
response  over  the  frequency  bandvidth  has  been 
attenuated  in  Fig.  15.  Second,  the  peak 
amplification  occurs  at  the  linear  system  peak 
amplitude  frequency  value.  This  peak 
amplification  has  doubled  relative  to  the 
response  amplitude  at  this  frequency  (138  Hz)  in 
Fig.  8.  The  ensemble  average  number  of  impacts 


in  Fig.  15  is  41.  The  range  of  impacts  per 
second  is  23  to  94. 

Fig.  16  also  presen  several  different 
observations  with  respect  Fig.  8.  Amplitude 
similarities  at  frequencies  between  10  and  35 
hertz  are  observed  but  the  curve  in  Fig.  16  is 
much  smoother.  The  additional  frequency 
response  ir.  Fig.  8  is  significantly  attenuated 
over  the  remaining  analysis  frequency  bandwidth 
in  Fig.  16.  The  peak  amplification  curve  is  not 
spread  but  closely  follows  the  linear  system 
response  except  for  the  actual  peak.  The  actual 
peak  amplification  is  approximately  12  to  1. 
The  response  characterized  by  Fig.  16  had  an 
ensemble  average  of  35  impacts  per  second.  The 
number  of  impacts  in  each  run  vas  fairly  uniform 
with  a  range  of  25  to  48  impacts  per  second. 
The  low  frequency  amplitude  intercept  at  1.5 
appears  to  roll  off  at  approximately  35  Hertz. 
The  coherence  functions  for  these  coefficient  of 
restitution  comparisons  are  given  in  Fig.  17. 
The  coherence  for  e  equal  to  0.9  is  less  than 
unity  but  not  as  poor  as  for  e  equal  to  0.75. 
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Fig.  15  -  System  frequency  response  for  a  Fig.  16  -  System  frequency  response  for  a 

coefficient  of  restitution  equal  coefficient  of  restitution  equal 

to  0.75.  to  0.90. 
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Fig.  17  -  Coherence  functions  for  model 
responses  in  Figures  15  end  16. 


CONCLUSIONS 

This  study  investigated  the  frequency 
response  functions  of  a  simple  structure 
containing  a  rattling  component.  Parametric 
variations  in  system  base  excitation  levels, 
rattle  gap  configurations,  and  coefficient  of 
restitution  values  vere  analyzed  using  a  Nonte 
Carlo  numerical  approach.  Experiments  vere 
conducted  to  verify  the  model's  predictions  for 
this  type  of  nonlinear  structural  system.  Five 
major  conclusions  come  from  this  investigation. 

First,  vhen  a  structural  system  is  excited 
so  that  loose  components  begin  to  rattle,  there 
is  a  reduction  in  the  linear  system  peak 
frequency  response  amplification.  This  response 
effect  occurs  because  motion  is  transferred 
betveen  the  colliding  masses  and  momentum  must 
be  conserved.  In  order  for  mass  tvo  to 
experience  an  increase  in  motion,  mass  one  must 
experience  a  decrease  in  motion.  This  results 
in  a  reduction  in  the  frequency  response 
function  amplification  for  mass  one. 

Second,  the  force  betveen  masses  one  and 
tvo  vas  modelled,  in  this  analysis,  as  a  delta 
function  at  the  time  of  impact.  This 
superimposes  delta  functions  on  the  acceleration 
response  at  the  times  of  impact.  (In  real 
structures  impacts  betveen  structural  elements 
generate  short  duration  forces  at  impact  points. 
These  excite  responses  at  other  points  on  the 
structure,  and  these  responses  may  resemble 
impulse  response  functions  vhose  characteristics 
depend  on  system  parameters,  points  of  impact 
and  measurement.)  These  superimposed  delta 
functions  have  Fourier  transforms  vhich  tend  to 
be  flat,  therefore,  the  frequency  response 
function  tends  to  increase  rt  all  frequencies, 


establishing  a  "vhitening"  effect  related  to 
rattling.  This  effect  is  also  reflected  as  a 
smearing  of  peaks  in  the  frequency  response 
function. 

The  third  conclusion  is  that  reducing  the 
coefficient  of  restitution  belov  one  has  an 
averaging  effect  on  the  rattling  phenomenon. 
Specifically,  vhen  the  coefficient  of 
restitution  is  one,  there  are  many  situations 
vhere  parameters  can  be  chosen  such  that  in  some 
numerical  experiments  much  rattling  occurs. 
Vhen  the  coefficient  of  restitution  is  reduced 
to  a  realistic  level  the  amount  of  rattling, 
vhile  random,  tends  to  be  uniform  throughout  any 
ensemble  of  numerical  experiments. 

The  fourth  conclusion  is  that  the  presence 
of  rattling  in  the  structural  response  tends  to 
diminish  the  coherence  betveen  excitation  and 
response  belov  unity.  The  decrease  in  coherence 
is  proportional  to  the  amount  of  rattling. 

The  final  conclusion  is  that  modelling  the 
impacts  betveen  masses  one  and  tvo  using  a 
coefficient  of  restitution  equal  to  0.9  produced 
a  reasonable  estimate  of  the  experimental 
results  except  at  lov  frequencies. 
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Linear  structural  models  are  frequently  used  for  structural 
system  characterization  and  analysis.  In  most  situations  they 
can  provide  satisfactory  results,  but  under  some  circumstances 
they  are  insufficient  for  system  definition.  The  present 
investigation  proposes  a  model  for  nonlinear  structure 
characterization,  and  demonstrates  how  the  functions  describing 
the  model  can  be  identified  using  a  random  vibration  experiment. 
Further,  it  is  shown  that  the  model  is  sufficient  to  completely 
characterize  the  stationary  random  vibration  response  of  a 
structure  that  has  a  harmonic  frequency  generating  form  of 
nonlinearity.  An  analytical  example  is  presented  to  demonstrate 
the  plausibility  of  the  model. 


excitation  and  responses  are  then  used  to 
estimate  the  cross  spectral  densities  between 
the  excitation  and  responses.  Each  cross 
spectral  density  is  ratioed  with  the  excitation 
auto  spectral  density  to  establish  an  estimate 
for  the  structural  FRFs  at  the  points  of 
interest.  Details  of  the  procedures  described 
above  are  given  in  References  1,  2  and  3. 

Modeling  and  identification  of  nonlinear 
systems,  however,  is  not  as  straightforward  as 
the  procedure  outlined  in  the  previous  paragrph. 
The  literature  contains  many  models  for  specific 
types  of  nonlinear  structural  systems  and 
describes  approaches  for  computing  their 
responses  when  the  excitation  is  defined.  See, 
for  example,  References  A  and  5.  In  some  cases, 
experimental  techniques  useful  in  the 
identification  of  system  parameters  are 
described.  However,  the  difficulty  with  using 
such  models  in  general  applicatons  is  that  it  is 
not  usually  easy  to  ascertain  that  a  structural 
system  has  a  nonlinearity  that  is  appropriately 
modeled  with  a  specific  parametric  form,  and  it 
is  usually  not  clear  what  error  is  introduced 
when  one  nonlinear  model  is  used  to  simulate  a 
system  with  a  different  form  of  nonlinearity. 
This  problem  has  been  avoided  by  the  use  of  the 
Volterra  model  for  nonlinear  systems.  This  is  a 
nonparametric  model  that  characterizes  nonlinear 
systems  using  higher  order  impulse  response 
functions  and  their  Fourier  transforms.  This 
type  of  model  and  its  identification  is 
described,  for  example,  in  References  6,  7  and 
8.  The  shortcoming  of  this  model  appears  to  be 
its  inability  to  model  frequency  generating 
forms  of  nonlinearity. 

•  This  work  was  performed  at  Sandia  National  Laboratories  and  supported 
the  0.  S.  Department  of  Energy  under  Contract  Humber  DE-AC04-76DP00789 


Introduction 

Experimental  identification  of  structural 
systems  usually  employs  a  linear  model  for  the 
structure.  The  frequency  response  function  of  a 
linear  system  can  be  Identified  using  either  a 
deterministic  analysis  or  a  probabilistic 
analysis  with  random  excitation.  When  the 
physical  system  being  tested  is  truly  linear 
then  use  of  the  linear  model  and  analysis  are 
appropriate.  Further,  when  the  system  is 
slightly  nonlinear  a  reasonable  representation 
of  system  behavior  can,  in  some  senses,  be 
established  with  the  linear  model.  If  the 
identified  model  is  used  for  prediction  of 
response  or  for  the  computation  of  the 
excitation  that  causes  a  specific  response,  then 
the  analysis  may,  remain  satisfactory  as  long  as 
the  nonlinearity  effects  are  negligible. 

The  procedures  commonly  used  for  the 
identification  of  the  frequency  response 
functions  of  linear  systems  involve  averaging 
operations.  For  example,  the  stationary  random 
vibration  procedure  for  estimation  of  the 
frequency  response  function  (FRF)  requires  the 
generation  and  measurement  of  a  random 
excitation.  This  excites  structural  response 
which  is  then  measured  at  points  of  interest. 
The  measured  excitation  is  used  to  estimate  the 
auto  spectral  density  of  the  excitation;  the 
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The  harmonic  frequency  generating  form  of 
nonlinearity  is  one  that  is  commonly  seen  in 
practice.  This  form  of  nonlinearity  is  related 
to  harmonic  distortion  of  motion  at  frequencies 
where  motion  is  substantial,  such  as  modal 
frequencies.  Response  in  a  nonlinear,  harmonic 
generating  system  often  shows  substantial  power 
at  a  particular  fundamental  frequency,  and  some 
fractional  level  of  that  power  at  odd  multiples 
of  the  fundamental,  whether  or  not  structural 
excitation  power  is  applied  at  the  higher 
frequencies.  The  frequencies  where  a  nonlinear 
system  shows  signal  content  in  the  response  are 
related  to  the  shapes  of  the  displacement  and 
velocity  restoring  force  functions.  The 
harmonic  frequency  generating  form  of 
nonlinearity  appears  often  in  random  vibration 
tests  and  causes  difficulty  in  system 
characterization  and  test  control. 

The  present  investigation  establishes  a 
model  for  nonlinear,  harmonic  generating 
systems.  It  is  shown  first  that  the  model  can 
be  identified  using  a  random  vibration  approach 
similar  to  that  used  in  linear  system  analysis. 
Second,  it  is  shown  that  once  the  system  is 
identified  the  model  can  be  used  to  establish 
the  response  characteristics  for  random 
excitation.  An  example  demonstrates  the  use  of 
che  model. 


The  Nonlinear  Model  and  Its  Identification 
through  Random  Vibration  Tests 

The  model  established  in  this  investigation 
is  for  a  nonlinear,  harmonic  generating  system. 
It  is  a  model  that  can  be  used  to  describe  the 
behavior  of  a  structure  which,  for  a  mechanical 
reason,  when  excited  at  a  particular  frequency, 
executes  response  not  only  at  the  excitation 
frequency,  but  also  at  harmonics  of  that 
frequency.  Many  real  structures  display  this 
characteristic.  The  model  is  established  first 
and  discussed  briefly.  Then  the  method  for 
identification  of  the  functions  in  the  model 
using  a  random  vibration  test  is  established. 


Consider  a  nonlinear,  harmonic  generating 
system  where  che  Fourier  transform  of  the 
response  is  represented 


M  n  . 

Zfuj)  »  S  S  H.(u.  ,u.)  (XW))-1 
1  j-lk-0  J  K  1  R 

i“0 . n  (1) 

Z(wj)  is  the  Fourier  transform  of  the  response 


at  frequency  (a^.  X(u>jj  *s  the  Fourier  transform 
of  the  excitation  at  frequency  uiy.  *s 


an  element  in  the  sequence  of  coefficients  that 
characterize  the  structure;  the  coefficients  are 
deterministic  and  independent  of  the  excitation, 
and  might  be  thought  of  as  forming  a  harmonic 


generating  transfer  function.  This  model 
generates  a  response  component,  characterized  by 
magnitude  and  phase,  at  frequency  as  a 


complex  valued,  algebraic,  power  function  of 
excitation  components  at  frequencies 

k-0 . n.  The  are  coefficients  of 

the  power  function.  A  special  case  of  this  is 
the  linear  excitation  -  response  case.  This 
occurs  when  N-l  and  the  are  zero 


except  when 


After  the 


are 


established  using  measured  excitation  and 
response,  the  representation  (1)  can  be  used  to 
predict  the  response  of  the  structure  to  random 
excitation.  Further,  the  coefficients  serve  as 
a  descriptor  of  structural  behavior. 


A  method  for  establishing  the  is 

now  developed.  Let  the  excitation  be  a  zero 
mean,  stationary,  normal  random  process, 
(X(t) ,  .  Let  X(co^)  represent  the  discrete 

Fourier  transform  (DFT)  of  a  segment  of  the 
excitation  whose  duration  is  T  seconds.  Let  the 
excitation  be  defined  such  that  all  its 
frequency  components  are  uncorrelated.  Multiply 

both  sides  of  (1)  by  the  mth  power  of 

the  complex  conjugate  of  X(u^) ,  and  then  take 

the  expected  value  on  both  sides  of  the 
equation.  The  result  is 

E(2(Ul)(X*(^))“) 

H  n 

“  A&  VVV 


*-0 . « 

£m0,  —  ,n  (2) 

This  expression  can  be  simplified.  Because  the 
components  of  the  stationary  excitation  are 

uncorrelated,  the  moment  E[  (XCu^) (X^u^) )m]  is 

zero  except  when  (The  specific  reason 

for  this  is  shown  in  Appendix  1.)  Therefore, 

ECZ^j)  (X*(Uz))a) 

-  Si  E«X<U£)>J(X  (wj,))0) 


i*0, _ ,n 

f-0 . n  (3) 
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Further,  the  only  situation  where  the 
expectation  on  the  right  hand  side  is  nonzero 
occurs  when  j-m.  (The  reason  for  this  is  also 
shown  in  Appendix  1.)  Because  of  this 


E(Z  (Ui)(X*(^))n) 


Hn(“f“i)  E(!X(ut)|2n) 


i=0,...,n 
4=0 . n  (4) 

At  this  point  it  is  possible  to  conduct  a 
stationary  random  vibration  experiment.  First, 

a  m 

we  would  estimate  the  moments  E[Z(u)^)(X  (u^))  1 

and  E[  |X(uj£)|2in)  using  standard  statistical 

techniques,  and  then  we  would  ratio  the  results 
to  obtain  an  estimate  for  the  coefficient 
function  H^fio^,  u>^).  However,  it  is  useful  to 

establish  the  relation  between  the  excitation 

2jjj 

spectral  density  and  the  moment  E[|X(u)j)|  ], 

and  to  write  a  special  expression  for  the 

tf  m 

moment  E(Z(w^)(X  (w^))  ]  before  proceeding 

to  estimate  the  (  u„  ,  w  .  )  .  As  mentioned 

£JJ  0  2. 

previously,  the  excitation  random  process  is  a 
zero  mean,  stationary,  normal  random  process. 
I-et  SXJ/u)  denote  the  spectral  density  of  the 

excitation,  (X(t)).  Then  it  can  be  shown  (See 
Appendix  2.)  that 

E(|X(Uf)|2n)  -  a!  1°  S^(oz) 

m=l . M 

4-0 . n  (5) 

when  (oT»l,  and  where  T  is  the  time  associated 
with  the  DFT's  (and  later,  with  the  statistical 

analyses).  Note  that  E(|X(e)g)|2mJ  is  a  function 

of  the  DFT  tine  interval  because  SXJ^cu)  is  time 
independent . 

If  the  response  were  a  normal  random 
process  and  the  correlation  between  the 
frequency  components  of  the  excitation  and  the 
frequency  components  of  the  response  were  known, 
then  it  would  be  possible  to  obtain  an 
expression  similar  to  (S)  for  the  moment 

E{Z(  u  ^)(X*(u.))m) ,  and  this  expression  would 

reveal  a  dependence  of  that  moment  on  T^4"^^2  . 
However,  because  of  the  nonlinearity  of  the 
excitation  -  response  relation,  the  response  is 
not  usually  normally  distributed,  and  the 
expression  cannot  be  obtained.  Nevertheless,  it 
probably  remains  a  face  that  the  moment 


E[Z(  (X*(-)j))ml  is  a  function  of  T^m+^?  and 

this  is  so  assumed.  Specifically,  it  is  assumed 
that 

E(Z(U.)(X*(up)m)  -  T(nrf-1)/2  S  %(U.lUi) 

zx 

i=0, _ ,n 

4=0 . n  (6) 

where  S  is  the  spectral  function  that 

ZX  m  1  v 

relates  Z(!^l>  and  (X*(iu^))in  in  the  frequency 

domain,  and,  as  before,  T  is  the  time  over  which 
the  DFTs  are  taken.  S  (J{)  is  assumed 

time  independent.  1 

Based  on  (4).  (5)  and  (6),  can  be 

used  to  write  a  time  independent,  harmonic 
generating  transfer  function.  This  is 

F m<“4-“i)  “  t(Q'1)/2  Wi> 
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c-l . H 

i=0 . n 

4=0 . n  (7) 

This  function  describes  the  harmonic  generating 
character  of  a  structural  system. 

In  order  to  establish  a  numerical  estimate 
of  (7) ,  statistical  estimates  of  the  moments 

EllX(u£)j2ln]  and  ElZit^) (X%.) )m)  are  required. 

These  can  be  obtained  using  standard  statistical 
procedures.  The  approach  and  formulas  required 
to  obtain  the  statistical  estimate  for 

E{Z(a;j)(X*(c;j))lr'l  is  given  in  Appendix  3. 

The  functions  established  in  (7)  contain  a 
substantial  amount  of  information  that  includes, 
but  goes  far  beyond,  the  information  in  a  linear 
FRF.  In  fact,  the  harmonic  generating  transfer 
functions  defined  in  (7)  could  be  used  to 
describe  how  response  is  generated  at  every 
frequency  given  excitation  at  every  frequency. 
When  the  response  is  characterized  by  Fourier 
components  at  n  frequencies,  the  harmonic 
generating  transfer  function  defined  for  each 

7 

value  of  n  contains  n  points,  therefore,  when  m 

2 

takes  the  values  1  through  H,  Mn  items  of 
information  can  be  used  to  define  the  discrete 
functions  F^w  .  u^).  For  realistic  values  of  M 

and  (especially)  n  it  is  not  realistic  d  assume 

that  Hn2  values  could  be  stored.  Note,  however, 

that  in  realistic  situations,  it  is  not 

anticioated  that  the  functions  F_(, _ _  us4)  will 

*  *.  1 
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have  substantial  values  at  all  frequency  pairs 
(w^.ujj).  In  nost  situations  one  would  expect 

substantial  values  when  w.j-ie^Wj.Sfc^.  etc.,  and 

possibly  when  ^-2^,  4^,  etc.  For  exanple.  if 

knowledge  of  those  elements  in  Fm(u  w^)  which 

create  response  at  u^  —  u^and  3uj,  are  desired  for 

ni-1  and  m-3,  then  4n  iteas  of  information  need 
to  be  established  to  characterize  F„(  m  m.  ) 

Thus,  most  practical  situations  will  require  a 
reasonably  accomodated  amount  of  data  storage. 


Random  Vibration  Analysis  Using  the  Harmonic 
Generating  System  Model 

Aside  from  basic  system  characterization, 
the  fundamental  reason  for  establishing  the 
mathematical  model  defined  in  (1)  is  to  provide 
the  capability  for  random  vibration  analysis  of 
the  harmonic  generating  system.  Given  the 
coefficients  Hj^uk' a  rantioa  vibration 


analysis  can  be  easily  executed.  To  do  thi- 
the  complex  conjugate  of  (1)  is  taken  and 
multiplied  times  (1).  Then  the  expected  value 
is  taken  on  both  sides;  the  result  is 

i”0, . . . ,n  (8) 

Recall  that  the  expected  value  on  the  right  hand 
side  is  zero  except  when  m~k  and  i-j;  therefore, 
the  expression  simplifies  to 

E(|Z(Ui)|2)  -XX  |Hj(uk,«i)|2E(|X(0k)|2i) 
j  h 

i-0 . n  (9) 

Kov  (6)  can  be  used  to  simplify  the  left 
hand  side  (using  in  place  of  X(  u-„  )  and 

m-1)  and  the  right  hand  side,  and  (7)  can  be 
used  to  establish  an  expression  for  Hj(  uk  ) 

that  can  be  used  above.  The  result  is 

"ff  j!  *Fj(wk’“i)i2  4<"k> 

i-0 . r.  (10) 

This  formula  establishes  a  means  for 
computing  the  spectral  density  of  structural 
response  to  stationary  random  vibration 
excitation.  The  formula  is  complete  In  the 
sense  that  it  includes  all  the  terms  necessary 
for  characterization  of  the  response  of  a 


nonlinear,  harmonic  generating  system  to 
stationary,  random  vibration  excitation.  The 
reason  for  this  completeness  is  the  fact  that 
different  frequency  components  ox  a  stationary 
random  process  are  uncorrelated. 

Example 

This  section  presents  an  example  that 
demonstrates  the  use  of  the  formulas  developed 
in  the  previous  sections.  The  system  to  be 
considered  is  a  simple  Duffing  oscillator. 
Figure  1  is  a  schematic  display  of  the  system. 
It  is  governed  by  the  nonlinear,  ordinary 
differential  equation 


z  +  2t<o  i  +  a2z  +  cz3 


(11) 


the 


where  i*)n  is  the  natural  frequency  of 

associated  linear  system,  t,  is  the  system 
damping  factor,  e  is  a  small  positive  constant, 

X  denotes  the  excitation.  z  denotes  the 
displacement  response,  and  dots  denote 
differentiation  with  respect  to  time. 


A 


J — *■  z 

_ _ 

m 

-J 

1^7777-777 

nx(t) 


SPRING  RESTORING  FORCE  =  nkj2z  +  mez3 

n 

DAMPER  RESTORING  FORCE  =  2tncu  z 

n 

MASS  NORMALIZED  FORCE  =  x(t> 

Figure  1.  Duffing  oscillator. 


An  approximate  expression  for  the  response 
can  be  developed  using  the  perturbation 
approach.  (See  Reference  4.)  With  this  approach 
it  is  assumed  that  the  response  can  be  expressed 
as  an  expansion  in  the  small  term  e.  That  is 


z(c) 


,(t>  +  cz, (c)  +  — 


(12) 


(12)  is  used  in  (11),  and  linear  equations 
governing  z ^  ,  z^,  etc.,  are  developed  by- 

grouping  terms  by  coefficients  of  e®,  c^,  etc., 

and  noting  that  the  coefficients  must  equal  zero 
if  the  components  Zq,  z^,  etc.,  are  to  be 

independent  and  arbitrary. 


m 


m. 

m 

m 

& 


m 

1 

3V»>. 

r 


w 


I 


c£l 

*2 


I 


(A 

(IV 

m 


I 


i 


$ 


i 


d 


w 


98 


$ 

I 


5 


Conclusions 

The  response  of  a  nonlinear,  harmonic 
generating  structure  to  stationary,  randon 
vibration  excitation  can  be  represented  using  an 
expression  that  is  a  series  of  pover  series  in 
the  Fourier  transform  of  the  excitation.  The 
coefficients  of  the  pover  series  describe  the 
character  of  the  structure.  An  analytical 
example  shows  that  it  can  be  easy  to  establish 
the  coefficients.  Further,  it  is  demonstrated 
that  the  coefficient  functions  required  for  the 
nonlinear  representation  can  be  obtained 
experiaentally.  The  magnitudes  of  the 
coefficients  of  the  harmonic  generating  terms 
can  be  used  to  assess  the  degree  of  nonlinearity 
of  a  structure  tested  in  the  laboratory. 

Future  investigations  must  demonstrate  the 
usefulness  of  this  model  with  experimental  data, 
and  must  consider  the  use  of  this  model  when  the 
excitation  is  not  a  stationary  random  process. 


Appendix  1 

This  appendix  considers  (X(t) ,0<t<T) .  a 
segment  of  mean  zero,  stationary,  normal  random 
process  with  Fourier  representation 


Because  E[e  — 0  for  all  s  and  all  rAO, 
all  the  moments  in  (A4)  are  zero  except  when  k-i. 
and  j-a .  ard  vhen  j-a-O.  Therefore,  (A3)  is 
nonzero  only  when  k-i  and  j— n. 


Appendix  2 

This  appendix  considers  a  random  process 
(X(t),CKt<T),  a  segment  of  a  mean  zero, 
stationary.  normal  random  process  with 
autocorrelation  function  and  spectral 

density  S^*).  The  moment  £{jX(  j)j2B]  will  be 

evaluated  where 

X(w.)  -  X(t)  exp(-iw^t)  dt  (A5) 

The  real  and  Imaginary  parts  of  X{i a.)  are  normal 
random  variables  given  by 

w  -f0  X(t)  cos(w^t)  dt  (A6) 

Xjfw^)  -J  X(t }  sin(«jt)  dt  (A7) 


X(t)  •  X  I.  exp(i2zck/nAt>,  0<t<T 
k-0  * 


Xj^  -  Cj.  exp(i«k>,  k-0 . n-1  (A2) 

In  this  expression  Cq-O.  Cj^-C^,  fc-1 . n/2, 

are  deterministic  constants  related  to  the 
random  process  spectral  density.  and  4q-0, 

W*x-  k-l . n/2,  are  uniformly  distributed 

random  variables  on  (-z.s).  where  dj  and  are 

independent  for  jAV.  Reference  9  establishes 
(Al)  as  a  valid  representation  for  a  stationary 
random  process. 

It  will  be  shown  that  EJX^CX*)13)  is  zero 
except  when  k-l  and  j-m.  Based  on  (A2) 

E(XkC3C4)=)  "  ckC?  E('*P<iOVe*Z>) 

(A3) 

Because  the  k-0, _ ,n/2,  are  independent 

E  (exp  (i.(j  ♦*-=♦£>> 

[E(exp(i(j-a) ♦•) .  k-£ 

m  |  4 

lE(exp(ij^))  E(cxp(-ic$.)),  kAf 


The  random  variables  XR(tu)  and  X^(uj)  have 
zero  means.  The  variance  of  X^(u.)  is 

E(x2(w£»  -J^dtJ^ds  Rn(s-t)  cos(u^t)  cos(wfs) 


Define  the  change  of  variables  T-s-t,  Y— s+t,  and 
allow  t  to  cover  the  interval  (-«,<»)  to 
establish  an  approximation.  Then 

E<4<“£»  *  i  +  j~  Sx*<°> 

(A9) 

knen  yJ»I  and  Sj^O)  is  near  in  value  to 
sxx(“j^'  this  is  approximately 

E(XX(*i))  -  y  sxx(‘'()  (AIO) 

Similarly,  it  can  be  shown  that 

S(X?(“f»  s  i  W 

E(Xp(s£)Xi(Uf))  =  o  (aid 
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Note  that 


|X(o^)|^  T  3^(b^)  -i-  X^{«ap 


Therefore 


The  jZ  is  the  sampling  period  of  the  measured 
data.  tore  products  like  Z^CX*.^)*5  and  average 
these  over  all  blocks. 


E(|X(«^)  I225) 

-  S  ®E((x|(*»g)>n't)  E^X2^))*) 


S-i  I  Z-.  (X*  )c  (A20) 

H  k-i  1*  U. 

This  is  an  estimate  of  the  eoeent  that  appears 
in  (4>  and  (6). 


Because  of  (A10)  and  (All)  and  the  fact  that  References 


Ejj(t;.)  and  X  j(u»)  are  no  real  randos  variables 
E^G^))2")  -  E^X^))20) 


U  [* 


Use  of  this  expression  in  (A13)  yields 

EC  IX(uz)  i2^)  -  nt  03^(0^)°  (A15) 

for  wcT»l.  vhich  is  the  desired  result. 


Appendix  3 

This  appendix  shows  hev  the  assent 

EiZ(;j^)(X*(  ti-j))*-  ]  -  S  can  be  statistically 

estimated.  let  iZ(t) )  and  (Z(t) !  be  stationary 
and  ergodic.  nean  zero  randan  processes.  Assuat 
that  seasured  realitations  of  the  random 
processes  are  available,  denote  these  x  taxi  tj. 

3  J 

j- 1 . n.  Divide  each  tine  series  into  S 

blocks  of  equal  length  K.  such  that  H5-n. 
Denote  the  jth  elements  of  the  kth  blocks 

x.>  ,  j-0 . K-l.  l-l . K.  Multiply  each  data 

3s 

block  by  an  amplitude  adjusted  data  windenr.  v^. 
j-1. _ ,H.  (if  desired)  to  obtain 
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‘  =3k“j- 
Xjfc  ’  Xj5=  Vj ' 


J-0 . S-l  (A16) 

k-l . H  (Al!) 


Fourier  transfers  the  tine  series  (Al6)  and 
(A17)  to  obtain  the  DFTs. 

Z  -  it  =:>  cx?(-i2xjf/Sl  (Al^) 


At  *£  x*  cx?(-i2Tji/S) 


(A15) 
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M.  O.  C.  Dyne, 

Institute  of  Sound  and  vibration  Reseated), 
University  of  Southampton,  UK. 


This  paper  reviews  some  reasons  idiy  digital  similatic  n 
employing  bond  graft)  principles  has  received  recent 
attention  for  the  study  of  the  dynamics  of  physical  :  systems 
and  reports  an  alternative  approach  to  model  syntheses  and 
validation. 


A  aisolified  overview  of  the  bond  graph 
Y©  render  the  analysis  of  a  complex  system 
tractable  it  say  be  oonsx**ered  as  a  network  of 
subsystcac  assembled  together  by  links  or 
board'  representing  flow  paths.  For  the 
system  to  be  dynamic  the  egu*  libriiai  must  be 
disturbed  by  seme  force  (source  of  effort) 
which  acts  along  the  beads.  "The  subsystem* 
they -elves  are  idealised  into  lunped  parameter 
energy  dissipative  units,  capacitive  storage 
uhlts  and  inductive  storage  units  -  in 
mechanical  berms  (tempers,  springs  and 
sasses.  Power,  defined  by  the  product  of  t"v 
.ariahies  effort  and  .lav,  is  transmitted 
along  the  bonds  bo  these  idealised  single  port 
elements. 

Susystow  which,  tdiiVst  conserving  power, 
alter  (uatsfara)  the  ratio  of  effort  and  flow 
are  defined  as  too  port  elements  -  idealised 
as  the  trsns/omer  end  ?*■_  ffgmtcr.  cr_apl es 
of  which  are  the  pulley  and  the  flywheel. 

Two  types  —f  power  conserving  multiport 
elements  axe  defined  -  one  an  which  there  are 
multiple  effort  .inputs  and  a  single  output  and 
a  second  in  ihich  a  single  effort  input  drives 
multiple  outputs.  These  are  considered  as 
junctions  of  (am.»  ftoo  end  jsneiioas  of 
ejianeg  •fiort . 

She  magnitude  of  power  flowing  along  a  tend 
connecting  sdsr.sless  may  be  modulated 
(scaled)  by  a  nodi ict top  toe  port  element. 

Xu  iocs  (or  gain)  of  power  in  foe  system  is 
associated  with  foe  modulating  element  though, 
any  change  mediately  redistributes  power 
through  other  lends  is  the  system. 

The  case  and  effect  relationship  between 
connected  elements  in  foe  system  is  called 
cssfsHtf  and  determines  whether  effort  or 
Ho  is  foe  dependent  variable  to  foe  pert. 


substituted  to  yield  a  consistent  model. 

A  convention  is  adopted  for  assigning  the 
polarity  of  instantaneous  power  transfer  along 
the  bond,  since  power  can  move  in  either 
direction  dependent  upon  the  polarity  of  the 
product  of  effort  and  flow. 

Finally,  because  of  a  bond  graph  convention 
that  the  output  of  all  elements  initially  is 
positive,  the  sign  of  the  input  may  have  to  be 
inverted. 


Attractive  features  of  the  bond  orach  method 
There  are  five  main  reasons  for  the  attention 
given  to  the  bond  graph  method  as  implemented 
in  recently  available  modelling  packages. 


ease  of  msdel  change 

run  time  interaction 

physical  domain  swapping 

potential  communication  with  other  models 

potential  computational  efficiency. 


Preferred  causality  is  predefined  and  is 
systematically  assigned,  foes  expressing  foe 
inpui/crjtpt  .  relationship.  If  foe  preferred 
causality  carnet  be  assigned  then,  in  a 
restricted  ember  of  cases-  alternative 
elements  with  opposite  causality  may  be 


Due  to  the  clarity  Which  is  established  in  the 
construction  of.  for  example,  a  bond  graph 
model  of  an  axle  connected  to  a  suspension 
sestom  connected  to  a  wheel  assembly,  it  is 
easy  to  remove  one  suspension  system  and  to 
substitute  a  replacement,  eg.  mass  spring 
fiapcc  system  replaced  by  a  hydroelastic 
systx —  with  only  limited  further  effort 

and.  using  the  ir.tei active  mi  il  provided, 
non  linear  function,  lity  may  be  introduced 
with  only  minimal  d-stufoance  of  the  model 
data  structure. 

interactive  run  time  ccemards  enable  the 
modeller  to  obtain  information  from  the  model 
during  simulation  including  the  reformatting 
of  graphical  results  and  the  —Iteration  of 
sisulat ion  step  times. 

Since  the  essence  of  herd  graph  modelling  and 
simulation  is  the  study  of  effort  and  the 
resultant  flow  (or  conversely  flow  which 
results  in  f crocs)  then,  provided  the  user  is 
careful  to  take  account,  cf  consistent  power 
suits,  ready  migration  from  csje  physical 
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domain  to  another  physical  domain  is 
achieveable.  This  has  been  illustrated  by 
considering  the  garage  raap  systes  in  which 
volts  and  resultant  current  drive  an  electric 
motor  Which  in  turn  develops  torque  and 
resultant  angular  velocity  to  turn  a  pimp. 

The  peep  develops  hydraulic  pressure  inducing 
fluid  volumetric  flow  which  then  forces  the 
raa,  causing  it  to  oovs  (velocity'. 
Communication  with  other  models  is  achieved  by 
relegating  the  run  time  simulation  of  the 
model  to  a  fortran  subroutine  which  can  be 
coG&incd  with  other  subroutine  simulations  and 
can  be  prograaoed  to  furnish  separate 
information  streams  for  each  time  variable  of 
interest.  Since  interaction  with  each 
simulation  is  made  easy,  reprocessing  of  the 
eost  recent  time  step  with  altered  simulation 
interval,  etc.,  is  facilitated. 

The  particular  attraction  of  this  method  cf 
simulation  arises  from  the  model  being  broken 
down  into  z  number  of  first  order  differential 
equations  and  algebraic  equations.  With  the 
advent  of  more  powerful  optimising  compilers 
and  parallel  vector  processors  the  potential 
for  efficient  solution  becomes  more  attractive. 

Weakness  of  the  bond  graph  method 
Formulation  of  the  information  representing 
the  bend  graph  into  machine  readable  codes 
appears  largely  to  be  a  rule  driven  process 
providing  no  further  insight  into  the 
synthesis  of  the  model  and  an  alternative  and 
more  familiar  method  of  expressing  the  sodel 
and  conveying  it  to  the  computer  has  been  the 
subject  of  a  research  investigation. 

This  has  extended  into  model  validation  and 
progress  of  the  investigation  is  reported 
below. 

The  nethod  chosen  is  governed  by  three  pre 
sisilatioci  phases  (a)  graphical  interaction  to 
construct  and  manipulate  the  model.  (b>  model 
validation  and  code  generation,  (c)  model 
diaensiccing. 


Waffle- 1  synthesis  and  manipulation 
The  model  builder  assembles  the  model  in 
orthogonal  planes  visualised  as  etndnes  with 
depth  of  view.  Icons  representing  the  hoed 
graph  elements  nary  be  picked  from  an  icon  mens 
and  pieced  at  desired  coordinates  in  the  plane 
and  1  irked  together  to  font  a  network.  Since 
sdsfrtess  nary  be  geuMricill;  distributed, 
manipulation  ccsxssnds  ft®  a  displayed  aes 
are  used  to  assign  flew  lines  representing 
stiff  massless  physical  licks  and  aids  to 
construction  and  conpeter  calculated 
dimensions  nay  be  invoked.  Figure  I  stows 
the  screen  layout  for  a  mechanical  system. 
Finally  icons  representing  boundary 
constraints  may  be  reposed.  Model  management 
ccsssMds  aid  the  raving,  recovery, 
replication  and  repositioning  of  cbtjtass 
and  the  entire  model  sw  he  filed  aid 
reassembled. 

The  data  structure  ensssuucated  to  the 
validation  phase  contains  a  record  foe  cedi 
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Figure  1 

icon  and  flow  line  chosen  and  comprises 
several  fields:  one  containing  the  internal 
code  of  the  chosen  item;  a  second  stating  bow 
many  link- labels  are  attached  to  the  element: 
fields  containing  unique  labels  for  all  link 
attachments:  the  precedence  for  processing  of 
the  record  (this  is  default  assigned  tc  ensure 
that  source  of  effort  or  flow  is  processed 
first  to  assist  preferred  causality  but.  for 
multi  inputs  the  modeller  may  raise  the 
precedence  of  a  particular  input).  The  last 
field  contains  information  about  the 
orthogonal  plane  in  which  the  picture  was 
defined  and  is  posed  through  to  the 
dimensioning  phase. 

Figure  2  shows  a  system  and  the  resultant  data 
structure. 
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model  validatices 

The  flew  lines  free  the  graphical  phase  do  not 
represent  bonds  in  a  bead  graph  -  they  merely 
serve  to  indicate  connectivity  in  tie 
network.  To  validate  the  model,  a  revised 
network  containing  the  power  flew  bonds  scat 
be  constructed. 

Continuing  with  the  err-pic  in  Figure  2.  and 
starting  with  the  icon  (element)  with  the 
highest  precedence,  the  linear  chain  is 
processed,  recording  the  output  o£  ©a® 
element  in  tern  as  the  input  of  *he  next  m 
the  Chain.  Where  pcraUelot  occurs  the 
*s£*2sain  is  processed  in  the  same  g».  The 
transformer  ion  of  Table  l  to  Table  5  in 
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Figure  3  illustrates  this  operation.  Sources 
o£  effort  or  flow  have  a  single  output  and  no 
input  and  the  remainder  have  a  multiple  of  two 
entries  in  the  label  columns  -  more  than  two 
entries  indicating  a  splitting  of  power. 
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Figure  3 

The  rules  to  process  the  model  are  as  follows! 
for  each  element  in  turn,  look  up  causality  to 
determine  the  preferred  independent  variable! 
If  cauBal  stroke  is  from  the  element,  then 
the  independent  variable  is  effort  and  the 
bond  forms  the  sole  effort  Input  to  a  o 
junction.  Attach  Junctions. 

If  causal  stroke  is  to  the  element,  then  the 
independent  variable  is  flow  and  the  tend 
forms  the  sole  flou  output  from  a  1 
junction.  Attach  Junction. 

For  each  junction  in  turm 

If  Junction  is  0  junction  then  the  input 
is  effort  and  all  other  efforts  are 
determined  on  the  other  tends  and  must  all 
be  outputs. 

If  -junction  is  a  l  junction  then  the 
output  is  flow  and  all  other  flows  are 
determined  on  the  other  tends  and  must  all 
be  inputs. 

Table  3  illustrates  causality. 

For  each  tend  in  turn,  follow  the  path 
directed  by  causality.  if  inconsistency 
detected  then  back  tra...  to  nearest  resistance 
or  integral  causality  and  substitute 
conductance  or  derivative  function. 

Recommence  from  beginning  of  path.  if  no 
substitutions  left  and  still  inconsistent  then 
model  is  incomplete. 

Commencing  at  the  highest  precedence  elemonts, 
assign  power  tend  for  each  element  in  turn, 
remembering  that  both  effort  and  flow  are 
inputs  to  the  system.  Table  4  illustrates 
power  flow. 


Number  each  element  in  turn,  then  each 
junction  in  turn,  finally  allocate  an  input 
for  each  effort  and  flow  source  in  turn. 

Table  5  illustrates  numbering. 

From  the  causality  table,  allocate  outputs. 
Remembering  that  all  efforts  are  common  around 
a  0  junction  and  all  flows  are  common  around 
a  l  junction,  see  Figure  4,  and  substituting 
where  necessary,  allocate  inputs  derived  from 
the  one-port  elements,  as  in  Table  6. 
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C.._u  .  uata  for  a  consistent  tend  graph 

model  has  been  generated  then  the  magnitude  of 
each  variable  (in  self  consistent  units)  must 
be  allocated  by  the  modeller.  To  assist  in 
this,  each  element  in  turn  is  presented 
pictorially  in  the  context  (plane)  in  Which  it 
was  originally  drawn  and  a’  ropriate  values 
elicited. 

Once  all  values  have  been  obtained  and  the 
time  step  specified  then  the  tend  graph 
simulation  package  solves  the  model  over  a 
presented  time  interval. 

Conclusions 

The  method  described  above  has  been  used 
successfully  to  built  simple  models  but,  eg, 
automatically  invoking  transformers  to 
represent  pivot  ratios  of  geometrically 
distributed  systems  has  failed  so  far. 

Further  developments  for  a  European  Economic 
Communitv  study  on  vehicle  dynamics  in 
connection  with  road  safety  are  planned. 
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Dynamic  Response  of  a  Geared  Train  of  Rotors 
Subjected  to  Random  Support  Excitations 


S.V.  Neriya,  R.B.  Bhat  and  T.S.  Sankar 
Department  of  Mechanical  Engineering 
Concordia  University,  Montreal,  Ca-’da 

The  response  of  a  geared  train  of  rotors  subjected  to  random  support 
excitations  is  Investigated.  Support  excitations  occur,  for  instance,  on  board 
movinq  vehicles.  These  excitations  are  in  general  random  in  nature  and  the 
response  can  be  obtained  using  a  statistical  analysis.  In  this  paper,  the 
geared  train  of  rotors  is  modelled  using  finite  elements  and  the  coupling 
between  torsion  and  flexure  is  considered.  The  geared  rotor  system  is  excited 
by  a  displacement  type  of  support  excitation  which  is  the  output  of  a  filter, 
the  input  to  which  is  a  Gaussian,  stationary  process  with  a  white  noise  type  of 
PSO.  The  excitation  is  assumed  to  be  in  the  vertical  direction  only  and  the 
excitations  through  the  supports  are  assumed  to  be  uncorrelated.  Results  for 
the  response  power  spectral  densities  are  presented  for  two  kinds  of  filters. 


INTRODUCTION 

Rotating  shafts  are  Indispensable  in 
mechanical  power  transmission  systems.  Dynam¬ 
ic  responses  of  such  rotating  shafts  must  be 
clearly  understood  for  their  design.  As  is 
very  common  in  power  systems,  gears  are  often 
employed  to  transmit  power  between  shafts. 

In  a  geared  rotor,  some  of  the  sources  of 
excitation  are  mass  unbalance,  geometric 
eccentricity  and  errors  of  manufacture,  all  of 
which  originate  in  the  gear  pair  itself. 
However,  the  geared  rotor  system  may  be  sub¬ 
jected  to  external  forms  of  excitation  such  as 
that  from  the  supports,  for  Instance  when  on 
board  various  types  of  vehicles.  If  the 
support  excitations  are  random  in  nature  with 
considerable  power  distributed  wver  a  freq¬ 
uency  range,  the  system  will  respond  at  those 
frequencies.  Moreover,  If  one  of  the  system 
natural  frequencies  of  the  geared  rotor  coin¬ 
cides  with  the  excitation  frequencies,  the 
resulting  response  may  be  of  concern. 

There  have  been  several  studies  on  the 
dynamics  of  gear  systems,  but  only  a  few  of 
them  have  taken  into  account  the  coupling 
between  torsional  and  flexural  motions  [1-6 j. 
In  a  geared  rotor  system,  the  torsional  and 
flexural  motions  are  coupled  due  to  the  pres¬ 
ence  of  mating  gears.  The  coupling  occurs  in 
two  distinct  forms,  1)  force  coupling  and  2) 
dynamic  coupling.  The  predominant  form  is  the 
'force  coupling'.  This  is  due  to  the  lateral 
mesh  forces  generated  by  torsional  oscilla¬ 
tions  of  the  shaft  and  is  of  the  order  of  the 


geometric  eccentricity,  e.  Dynamic  coupling 
is  of  the  order  e2  [2]  and  is  neglected  in 
this  analysis.  Several  investigators  have 
also  studied  rotors  subjected  to  random  sup¬ 
port  excitations.  Lund  [7]  carried  out 
response  spectral  density  analysis  of  rotor 
systems  due  to  stationary  random  excitations 
of  the  base,  considering  excitations  only  in 
the  vertical  direction.  Tessarzik  et  al  [8] 
analysed  the  turbo-rotor  rjsponses  due  to 
external  random  vibrations,  .‘he  rotor-bearing 
system  was  treated  as  a  linear,  three  mass 
model  and  experimental  results  were  found  to 
compare  well  with  calculations  of  amplitude 
power  spectral  density  for  the  case  where  the 
vibrations  were  applied  along  the  rotor  axis, 
used.  Subbiah  et  al  [9J  obtained  the  ampli¬ 
tude  PSD  of  a  simple  rotor  subjected  to  random 
support  excitations  using  modal  analysis 
methods.  The  excitations  were  assumed  to  be 
stationary  and  Gaussian  with  a  white  noise 
type  of  PSD. 

In  this  paper,  the  geared  rotor  system  is 
modelled  using  finite  elements  and  the  coup¬ 
ling  between  torsional  and  flexural  vibrations 
is  considered.  The  geared  rotor  system  is 
subjected  a  displacement  type  of  support 
excitations  which  is  the  output  of  a  linear 
filter,  the  input  to  which  is  a  Gaussian, 
stationary  random  process  with  a  white  noise 
tyoe  of  PSD.  This  excitation  is  assumed  to  be 
In  the  vertical  direction  only  and  the  excita¬ 
tions  through  the  supports  are  assumed  to  be 
uncorrelated.  The  PSD  of  the  response  process 
is  then  obtained  using  a  statistical  analysis. 
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NOMENCLATURE 

Cbl  flexural  damping  of  the  driving  shaft 

Cb2  flexural  damping  of  the  driven  shaft 


Cb2  average  flexural  damping  of  the  gear 
tooth  In  the  z-di recti on 


Cty  average  flexural  damping  of  the  gear 

tooth  in  the  y-dlrection 

lumped  torsional  damping  at  the 
driving  gear 

C2  lumped  torsional  damping  at  the  driven 
gear 

[C]  global  damping  matrix 

Cm  lumped  torsional  damping  at  the  motor 

Cj  lumped  torsional  damping  at  the 

dynamo 

Ft  tangential  component  of  the  trans- 
mi  tted  force 

Fr  radial  component  of  the  transmitted 
force 

{F }R  Random  Support  excitation  force 

[H(ju)j  frequency  response  function  matrix 

In  moment  of  inertia  of  the  driving  gear 

in  the  ith  gear  pair 

Igj  moment  of  inertia  of  the  driven  gear 
in  the  ith  gear  pair 

moment  of  Inertia  of  the  motor 

J2  moment  of  inertia  of  the  dynamo 

Kbi  flexural  stiffness  of  the  driving 
shaft 

Kb2  flexural  stiffness  of  the  driven 
shaft 


Ktz  average  flexural  stiffness  cf  the  gear 
tooth  in  the  z-di recti on 


K^y  average  flexural  stiffness  of  the  gear 
tooth  in  the  y-direction 

Ki  torsional  stiffness  of  the  driving 
shaft 

K?  torsional  stiffness  of  the  driven 
shaft 

K„y  stiffness  of  the  rolling  contact 
bearing  in  the  y-direction 


K22  stiffness  of  the  rolling  contact 
bearing  in  the  z-dlrection 

[K]  global  stiffness  matrix 

A  length  of  the  beam  element 

m^  mass  of  the  driving  gear  in  the 

ith  gear  pair 

mass  of  the  driven  gear  in  the  ith 
gear  pair 

[M]  global  mass  nwtrix 

N  number  of  degrees  of  freedom  of 

the  system 

n  number  of  gear  pairs 

{p}  modal  coordinate  vector 

{q}  generalized  rotor  displacement 

vector 

{qr}  relative  displacement  vector 

{qs }  support  displacement  vector 

r^l  base  circle  radius  of  the  driving 

gear  in  the  1th  gear  pair 

r2i  base  circle  radius  of  the  driven  gear 

in  the  1th  gear  pair 

[Sp{u)]  matrix  of  the  force  PSD 

CSor{co)]  matrix  of  the  relative  displacement 
*  PSD 

[Sa,(w)]  matrix  of  the  support  displacement 
4  PSD 

[y]  diagonal  damping  matrix 

geometrical  eccentricity  of  the 
driving  gear  in  the  ith  gear  pair 

e2i  geometrical  eccentricity  of  the 

driven  gear  in  the  ith  gear  pair 

modal  damping  in  the  ith  mode 

angle  between  the  directions  of 
unbalance  and  eccentricity  for 
the  driving  gear  in  the  ith  gear 
pair 

0f2i  angle  between  the  directions  0 

'  unbalance  and  eccentricity  for 

the  driven  gear  in  the  1th  gear 
pair 

[k]  diagonal  stiffness  matrix 

Xj  ith  eigenvalue 

[n]  diagonal  mass  iratrix 
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(a( t) }  generalised  force  vector 
{4^}  ith  eigenvector 
ANALYSIS 

In  the  present  work,  the  geared  rotor 
system  is  modelled  using  finite  elements  [10,- 
11].  In  general,  the  rotor  finite  element 
considers  gyroscopic  effects  in  addition  to 
rotating  inertia  and  shear  deformation 
effects.  However,  the  gyroscopic  terms  are 
skew  symmetric  in  nature  and  hence  a  simple 
normal  mode  analysis  is  not  possible.  A  modal 
analysis  employing  biorthorganility  relations 
[12]  is  capable  of  considering  the  skew  sym¬ 
metric  gyroscopic  terms  also,  however,  for 
simplicity  a  normal  mode  analysis  was  resorted 
to  in  the  present  study  by  neglecting  the 
gyroscopic  effects.  The  finite  element  dis¬ 
cretisation  of  the  geared  train  of  rotors  is 
carried  out  as  follows.  The  shafts  are  divid¬ 
ed  Into  beam  elements  and  each  node  has  5 
degrees  of  freedom.  The  contact  point  of  the 
mating  gear  has  two  degrees  of  freedom,  one  in 
the  2  direction  and  the  other  in  the  y-direct- 
lon.  The  element  mass  and  stiffness  matrices 
are  obtained  from  the  consistent  formulation 
and  are  then  assembled  to  form  the  global  mass 
and  stiffness  matrices.  The  elemental  mass 
matrix  is  the  sum  of  translational  and 
rotational  mass  matrices.  These  are  obtained 
from  [10].  The  concentrat  d  masses  and 
inertias  (including  transverse  moment  of 
Inertia)  due  to  the  motor,  dynamo,  gears  etc. 
are  introduced  Into  the  appropriate  locations 
in  the  global  mass  matrix.  The  stiffnesses  of 
the  rolling  contact  bearings  are  included  in 
the  analysis.  The  coupling  between  torsion 
and  flexural  obtained  from  a  study  of  the 
dynamics  of  the  gear  mesh  (see  Appendix  I)  are 
Introduced  into  the  appropriate  locations  in 
the  global  stiffness  matrix. 

The  equations  of  motion  for  a  N  degree  of 
freedom  geared  shaft  system  subjected  to  sup¬ 
port  excitations  can  be  expressed  as 

[M]  (qr> +  [C]  M  +  DO  M  = 

where  {q }  =  generalised  rotor  displace¬ 
ment  vector 

{qs }  =  suDport  displacement  vector 

{qr}  =  (n  *  Rs}.  the  relative  displace¬ 
ment  vector. 

and  {F }R  =  -  [H]  l'qs}  (2) 

The  homogeneous  form  of  Eq.  (1)  neglect¬ 
ing  damping  is  solved  to  obtain  the  eigen 
values  Xj  and  eigen  vectors  (4<f }  of  the 
system. 

Expressing  the  response  {qr }  in  terms  of 


the  modal  coordinates  {p }  as 

M  -  [♦)  (P)  (3) 

where  [<t>]  is  the  modal  matrix  formed  using 
the  eigenvector  {4^ ) 

Using  Eq,  (3)  in  v.1  'nd  premultiplying  by 
[*]'  we  get, 

[n]  {p}  ♦  [y]  {$}  *  [k]  Ip)  =  Wt)l  (4) 

where  [p  ]  =  [d»]T  [H]  [41] 

W  »  MT  [K]  [*]  {5) 

Mt)}  =  M1  {f}r 

Now  {p(t)}  =  [H(w)]  [o(t)}  (6) 

where  H1(“J  =  j^q^u)  (?) 

and  3s  the  modal  damping  ratio. 

The  PSD  matrix  of  the  response  can  be 
obtained  as 

[Sqr(«)]  -  [*]  [H(  j<i>)  ]  [4>]T  [Sp(»>]  [*] 

x  [H(-j«)]T  [4>]T  (8) 

The  PSD  matrix  of  the  random  excitation  force 

[Sp(«)]  can  be  expressed  in  terms  of  the  PSD 
matrix  of  the  displacement  support  excitation 

[Sqs(u)]  as 

[%(«>]  =  «4  [H]  [SqS ( c*i)  ]  [M]T  (9) 

The  displacement  support  excitation  is 
assumed  as  the  output  of  a  linear  filter,  the 
Input  to  which  is  an  excitation  in  the  verti¬ 
cal  direction  only.  This  excitation  is  an 
uncorrelated  Gaussian  stationary  process  with 
a  white  noise  type  of  PSD. 

NUMERICAL  RESULTS 

A  geared  train  of  rotors  employing  two 
pairs  of  gears  is  used  to  obtain  the  numerical 
results.  The  details  of  this  system  are  given 
in  Table  1.  The  pedestals  through  which  the 
support  excitations  are  transmitted  to  the 
geared  rotor  system  are  denoted  by  k  and  kZ2 
respectively.  The  finite  element  discretisa¬ 
tion  of  the  above  system  is  shown  in  Fig.  4. 
The  shafts  are  divided  into  beam  elements  1  to 
7  and  the  ten  nodes  of  the  system  are  denoted 
by  a  to  j.  The  details  of  the  beam  elements 
are  given  in  Table  2.  The  details  of  the 
system  natural  frequencies  are  given  in  Table 
3.  The  details  of  the  linear  filter  are  given 
in  Appendix  II. 

The  normalized  PSO  of  relative  amplitude 


in  the  y  direction  at  the  driven  gear  location 
is  shown  in  Fig.  5.  The  base  excitation  is 
assumed  to  be  the  output  of  a  first  order 
linear  filter,  the  input  to  which  is  an  uncor¬ 
related  white  noise  type  of  PSO  only  in  the 
vertical  direction,  and  this  is  plotted  on  the 
x  axis.  The  PSO  plot  shows  peak  response  at 
modes  2,  3  and  7.  There  is  also  a  peak 
response  observed  midway  between  the  modes  8 
and  9,  which  are  very  close  to  each  other. 
The  maximum  response  is  seen  in  mode  8  and 
corresponds  to  about  0.1  m2/Hz. 

A  similar  PSO  plot  as  in  Fig.  5  using  a 
second  order  filter  is  shown  in  Fig.  6.  The 
behavior  of  the  response  is  the  same  as  in 
Fig.  5,  but  the  magnitude  is  lower  for  all 
modes. 

The  normalized  PSD  of  relative  amplitude 
in  the  y  direction  at  the  driving  gear  loca¬ 
tion  is  shown  in  Fig.  7.  The  base  excitation 
is  assumed  to  be  the  output  of  a  first  order 
linear  filter,  the  input  to  which  is  an  uncor¬ 
related  white  noise  type  of  PSO  in  the  verti¬ 
cal  direction.  The  PSO  plot  shows  peak 
response  at  modes  2,  3,  7  and  10.  The  maximum 
PSD  response  of  about  0.1  m2/Hz  is  observed  at 
modes  3  and  7.  The  response  at  the  driven 
gear  (Fig.  5)  is  found  to  be  higher  than  the 
driving  gear  at  the  first  mode  and  comparable 
at  the  other  modes. 

A  similar  PSD  plot  as  in  Fig.  7  using  a 
second  order  filter  is  shown  in  Fig.  8.  The 
behavior  of  the  response  is  the  same  as  in 
Fig.  7,  but  the  magnitude  is  lower  for  all  the 
modes. 

The  normalized  PSO  of  relative  amplitude 
in  the  y  direction  at  the  bearing  locations 
(DOF  #50  and  #45)  is  shown  in  Figures  9  and 
10.  The  base  excitation  is  assumed  to  be  the 
output  of  a  first  order  linear  filter,  the 
input  to  which  is  an  uncorrelated  white  noise 
type  of  PSD  in  the  vertical  direction.  The 
responses  are  as  expected,  much  smaller  than 
the  response  at  the  gear  locations.  The  maxi¬ 
mum  response  is  observed  at  the  10th  mode 
(71.59  Hz)  and  this  corresponds  to  about  3.1  x 
10'8  m2/Hz. 
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APPENDIX  I 


A  schematic  representation  of  a  geared 
train  of  rotors  as  shown  in  Fig.  1.  A 
sectional  view  x  -  x  at  the  i  th  gear  pair 
location  is  shown  in  Fig.  2  and  it  shows  the 
relative  positions  of  the  driving  and  driven 
gears  .Oj  and  0,'  represent  the  geometric 
centers  of  the  driving  and  driven  gears;  Op 
and  Op  ‘  represent  the  centers  of  the  driv¬ 
ing  ana  driven  shafts  when  they  are  rotating 
and  O3  and  03'  when  they  are  stationary. 
There  exists  a  coupling  between  the  transla¬ 
tional  motion  of  its  gear  center,  y.z,  and 
the  rotational  motion  of  the  gear  e.  At  the 
gear  location  they  correspond  to  the  flexur¬ 
al  motion  of  the  shaft  carrying  the  gear  and 
its  torsional  motion.  Fig.  3(a)  shows  the 
spring  mass  representation  of  the  driving 
gear  in  the  i  th  gear  pair.  The  mass  of  the 
driving  tooth  is  denoted  by  tn^.  The  co¬ 
ordinates  y^j-j  and  describe  the  gear 
tooth  motion.  The  time  average  stiffness 
and  damping  of  the  gear  tooth  in  the  y  and  z 
directions  are  denoted  by  Et  ,,  • 
and  Etzi  respectively.  kbl-  and  ch1l-  denote 

thd  CT 1  FfflOCC  anH  Hamninn  n  f  f  tin 


3  ctzi  respectively.  kbJl-  afid  c51i  denote 
the  stiffness  and  damping  of  the  shaft  car¬ 
rying  the  driving  gear.  The  driven  gear  for 
i  th  gear  pair  is  similarly  modelled  and  is 
shown  in  Fig.  3(b). 


The  dynamical  equations  of  motion  for 
the  gear  pair  described  above  are  derived 
following  the  approach  in  [4].  The  effects 
of  varying  tooth  elasticity  and  backlash  are 
neglected  in  the  analysis.  The  equations  of 


motion  are: 


nlizli+cblizli+kblizli 


+Ktzi^zli+elicos9li'ztli^+^tzi^zli'eli“li 

sine^-ztii  )=UiiSii2cos(0i1-+0f11 )  (1) 
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cos(e2i+ef2{)  (2) 
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+r2  02  f  -y  t2i  )=U2i  S2i  2si  n  { e2l-+0f  2j )  (4) 
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The  condition  that  the  Mating  teeth  remain 
in  contact  is  given  by: 


y  r  y 

'til  *t2l 


ztli  =  zt2l 

a.  Stiffness  Matrix 


The  equations  of  motion  are  simplified  and 
put  in  a  matrix  form,  from  which  we  obtain 
the  stiffness  terms  coupling  the  torsional 
and  flexural  motions  and  also  the  forces 
occuring  at  a  gear  pair. 
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Fig.  1.  Geared  train  of  rotors 
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Oj  geometric  center  of  the  driving  gear 

Oj ‘  geometric  center  of  the  driven  gear 

O2  center  of  the  driving  shaft  when  it  is  rotating 

02'  center  of  the  driven  shaft  when  it  is  rotating 

O3  center  of  the  driving  shaft  when  it  is  stationary 

03’  center  of  the  driven  shaft  when  it  is  stationary 


/ 

/  °i 


Fig.  2.  Sectional  view  at  the  i  th  gear  pair  location 


v  >  v 


Fig.  8.  Normalized  PSD  of  rel ittve  amplitude  in  the  y  direction  of  the  driven 
gear  location  (DOF  #40)  against  the  frequency  *f  excitation.  Second 
order  filter  used. 


Figure  9.  Normalized  PSD  of  relative  amplitude  in  the  y  direction  at  the  tearing 
location  (DOF  *50)  against  the  frequency  of  excitation.  F^rst  order 
filter  used. 
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THE  DYNAMICS  OF  AN  OSCILLATING  FOUR-BAR  LINKAGE 


i  ’ 


Ping  Tcheng,  Senior  Engineer 
Langley  Research  Center,  NASA 
Hampton,  Virginia  23665-5225 


The  design,  analysis  and  application  of  a  unique  oscillating  double  four- 
bar  linkage  is  described.  The  Lagrange  equation  for  the  slightly  damped 
second-order  system  was  derived  and  verified  experimentally.  System 
natural  frequencies  ranging  from  1  to  30  Hertz  with  a  damping  coefficient 
less  than  0.001  were  observed.  Special  dynamic  characteristics  of  this 
linkage  and  results  of  a  shake  test  were  presented.  Various  instrumen¬ 
tation  application  of  this  simple  but  rugged  mechanism  are  included. 


I 


INTRODUCTION 

This  paper  describes  the  design,  analysis 
and  application  of  a  unique  oscillating  double 
four-bar  linkage.  This  linkage  is  made  with  two 
rigid  platform  links,  two  coupler  links,  a  fixed 
link  and  six  flexural  pivots.  The  flexural 
pivots  which  serve  as  torsional  springs  are  the 
key  elements  of  this  lumped-parameter,  single- 
degree-of-f reedom  system  [1].  Nearly  sustained 
oscillation  is  achieved  as  the  result  of  restor¬ 
ing  moments  being  generated  within  the  pivots  as 
the  system  is  disturbed. 

The  equation  of  motion  of  this  slightly 
damped  second-order  system  was  derived  using  the 
energy  method  and  was  verified  by  experimental 
setups.  System  natural  frequencies  ranging  from 
1  to  30  Hertz  were  observed  experimental ly  by 
changing  the  dimensions  and  masses  of  the 
experimental  setup.  An  extremely  low  damping 
coefficient,  with  C  “  2.6  *  10“  ,  was  cal¬ 
culated  from  oscillation  data. 

Analysis  indicates  that  this  linkage  is 
insensitive  to  either  gravity  or  inertial 
effects  commonly  associated  with  pendulous 
systems.  In  other  words,  the  two  platforms  can 
be  arbitrarily  shaped  independent  of  each  other 
as  long  as  they  are  counter-balanced  with  equal 
masses.  This  is  a  useful  feature  in  any  closed- 
loop  instrument  design  application.  Motion  of 
this  system  caused  by  ground  excitations  has 
also  been  analyzed.  It  has  been  proven  and 
verified  by  a  shake  test  that  relative  motion 
between  the  platforms  and  ground  is  zero  for 
rectilinear  ground  excitations.  Relative 
motion,  however,  does  exist  for  rotational 
ground  excitations. 


The  unique  features  of  the  linkage  can  be 
and  have  been  utilized  in  various  applications. 
Several  transducer1  designs  ucing  this  simple 
linkage  as  the  motion  and/or  force  sensing 
element  are  discussed. 


SYSTEM  DESCRIPTION 

The  double  four-bar  linkage  is  symmetrical 
and  shown  in  Fig.  1.  It  consists  of  two  plat¬ 
forms  each  of  mass  M,  two  coupler  lin'  a  each  of 
mass  m  and  length  1,  six  flexural  pi- ots  each 
with  torsional  stiffness  Kt  and  a  fixed  link 
t>  at  serves  as  the  ground.  There  are  three 
pivots  installed  on  coupler  link.  Connection 
between  the  moving  platforms  and  ground  is 
provided  through  the  pivots  mounted  at  the 
midpoints  of  the  two  coupler  links. 


SYSTEM  ANALYSIS 

The  accompanying  appendix  provides  the 
derivation  of  the  equation  of  motion  of  the 
system.  The  tauation  of  motion  of  the  system 
si'b-jected  to  a  horizontal  force  f  applied  on  the 
top  platform  is 

2(i  m  +  M)  x  +  24  K  /i2  x  -  f  (1) 

J  t 


where  x  is  the  rectilinear  displacement  of  the 
platform  and  f  is  the  external  force  applied  on 
the  platform  parallel  to  x  (see  Eq.  (A12)). 

The  natural  frequency  is 
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In  the  following,  several  unique  charac¬ 
teristics  of  the  linkage  are  presented. 


(1)  Note  that  the  gravitational  constant, 
g,  does  not  appear  In  Eq.  (2)  and  the  selection 
of  system  natural  frequency  then  depends  only  on 
the  link  length  i  for  given  flexure  stiffness 
and  the  two  masses  M  and  m.  Frequencies 
from  a  fraction  of  a  Hertz  to  30  Hertz  can  be 
easily  realized.  The  absence  of  the  gravita¬ 
tional  constant  further  indicates  that  the 
system  is  insensitive  to  inertia  effects  in¬ 
herent  in  pendulous  systems.  The  two  platforms 
can  be  therefore  arbitrarily  shaped  independent 
of  each  other  as  long  as  they  are  counter¬ 
balanced  with  equal  masses.  In  other  words, 
if  additional  masses,  e.g.,  an  instrumental 
package,  were  placed  on  one  platform,  counter¬ 
balancing  with  dead  weights  on  the  other 
platform  statically  will  insure  dynamic  balance. 
This  is  certainly  a  very  useful  feature  in 
transducer  design. 


(2)  The  linkage  is  also  moment  insensitive. 
That  is,  the  external  force  f  can  be  applied 
anywhere  on  the  platform  and  identical  response 
would  result  as  long  as  the  horizontal  component 
of  the  external  force  remains  unchanged.  This 
is  true  because  moment  arm  does  not  appear  in 
Eq.  (1). 


(3)  The  derivation  in  the  appendix  further 
indicates  that  the  relative  motion  between  the 
platforms  and  ground  is  zero  for  rectilinear 
ground  input  motion.  The  insensitivity  of  the 
platform  to  this  type  of  ground  motion  is 
analogous  to  the  response  of  a  semldeflnlte 
vibrational  system  where  the  system  may  move  as 
a  rigid  body  without  disturbing  the  forces 
acting  upon  it  [4). 


(A)  The  system,  however,  will  respond  to 
angular  ground  vibrations.  This  should  become 
obvious  if  one  notices  that  the  primary  mode  of 
motion  of  the  linkage  is  rotation  about  the 
z-axis.  The  system's  equation  of  motion  to  this 
type  of  input  is  Included  in  the  appendix. 


EXPERIMENTAL  RESULTS 


The  equation  of  motion  derived  in  the  ap¬ 
pendix  was  verified  experimentally.  Different 
methods  to  experimentally  determine  the  two 


masses  M  and  m,  flexure  stiffness  Kfc,  and 


the  damping  coefficient  C  are  described.  The 
results  of  two  shake  tests  that  were  conducted 
to  verify  some  of  the  linkage  characteristics 
are  also  presented. 


Determination  of  the  Damping  Coefficient 


The  damping  of  the  system  was  determined 
experimentally  from  free  oscillatory  data.  The 
rectilinear  displacement  of  the  platform  of  the 
free  vibration  was  measured  by  an  LVDT  (linear 


variable  differential  transformer).  Extremely 
snabl  values  of  the  damping  coefficient  4 
amounting  to  2.4  x  10-*1  and  2.7  x  10-2*  were 
calculated  from  two  different  runs. 


Static  Calibration  of  the  Flexure  Stiffness 


A  string  calibration  stand  described  in 
Ref.  [2]  was  used  to  determine  the  system 
stiffness  statically.  The  calibration  stand  is 
schematically  shown  in  Fig,  2.  As  dead  weight 
is  added  onto  the  weighing  pan,  tension  in  the 
horizontal  string  will  displace  the  moving 
platform.  By  using  a  theodolit  *  and  adjusting 
the  vernier  screws  on  the  calibration  stand,  a 
truly  horizontal  string  force  of  precise  magni¬ 
tude  can  be  applied  to  the  moving  platform.  The 
static  force-displacement  relationship  thus 
observed  can  be  used  to  find  the  flexure 
stiffness  from  Eq.  (1).  By  setting  x  »  0,  the 
flexure  stiffness  becomes 


(lV24)(f/x) 


The  ratio  f/x  used  above  is  the  slope  of  the 
static  force-displacement  relationship. 
Experimental  data  Indicated  that  the  force- 
displacement  relationship  is  very  linear,  and 
the  computed  stiffness  agrees  well  with  value 
quoted  in  Ref.  [3]. 


Dynamic  Calibration  of  the  Flexure  Stiffness 


Consider  the  system  with  adjustable  link 
length  shown  in  Fig.  3.  Additional  masses  were 
placed  on  the  platforms,  and  oscillation  data 
were  taken  for  two  different  link  lengths.  The 
results  are  shown  in  Table  1.  It  can  be  shown 
the  natural  frequencies  are 
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Now,  for  the  same  M,  the  flexure  stiff¬ 
ness  Kt  computed  from  the  two  above  expres¬ 
sions  should  be  identical.  Eliminating  Kt  and 
rearranging  algebraically  yields  the  following 
expression 
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Using  the  experimental  values  listed  in 
Table  1,  the  mass  ratio  m/(M  +  AM)  is  found  to 
be 

m/M  -  0.7250, 
m/(M  +  M’)  -  0.3267, 
m/(M  +  2M’)  -  0.2125, 
and 

m/(M  +  3M’)  =  0.1556, 
where  the  incremental  mass  M’  used  is 
M’  -  7.764  x  io“3  slug  (0.113  kg). 

The  average  platform  mass  and  coupler  link 
mass  are  next  calculated  as 

M  -  6.39  x  10-4  slug  (9.33  x  10~3  kg) 
and 

m  -  4.64  x  io-4  slug  (6.79  x  10~3  kg). 

Finally,  using  appropriate  values  of  M, 
m,  4,  and  wn  for  various  AM,  the  flexure 
stiffness  can  be  readily  calculated.  The  re¬ 
sults  are  shown  in  Fig.  4. 


Shake  Test 

Two  different  types  of  shake  test  were  con¬ 
ducted.  A  linear  test  was  used  to  verify  the 
system's  insensitivity  to  rectilinear  ground 
input  and  a  rotary  test  to  check  for  system's 
characteristics.  A  new  set  of  flexures  were 
used  for  this  series  of  test.  For  this  reason 
the  natural  frequency  of  the  system  for  this 
series  of  test  is  different  than  it  was  before. 
The  test  results  are  presented  as  follows. 

The  symmetrical  system  shown  in  Fig.  1  was 
tested  on  a  long  stroke  shaker  (Model  113, 
Acoustic  Power  System,  Inc.).  Three  servo 
accelerometers  (Model  Q-Flex  2000,  Sunstrand 
Data  Control,  Inc.)  were  mounted  on  the  linkage, 
one  on  each  of  the  platform  to  monitor  its 
response  and  the  third  one  on  the  fixed  link  to 
monitor  the  inputs  acceleration.  Sinusoidal 
inputs  with  frequencies  ranging  from  2  Hertz  to 
50  Hertz  were  applied  to  excite  the  linkage. 

The  input  signal  was  set  at  a  one  g  level  with  a 
power  amplifier  (Model  114,  Acoustic  Power 
system,  Inc.).  The  accelerometer  outputs  were 
measured  by  a  digital  multimeter  (Model  8520A, 
John  Fluke  Mfg.  Co.,  Inc.). 

The  test  results  are  presented  in  Fig.  5. 
The  top  curve  is  the  frequency  plot  of  the  ratio 
of  top  platform  displacement,  xt,  to  the  input 
displacement,  y,  while  the  lower  curve  is  the 
frequency  plot  of  the  ratio  of  bottom  platform 
displacement,  x^,  to  the  input  displacement  y. 
Several  observations  are  made.  It  is  clearly 


seen  that  the  platfori  :  are  insensitive  to  this 
type  of  ground  motion  input  over  the  tested 
frequency  range.  Resonance  at  3.15  Hz,  which  is 
the  natural  frequency  of  the  linkage,  was  ex¬ 
pected  t  '.nee  no  special  effort  was  made  to 
"tatically  balance  the  linkage  precisely.  A 
second  resonance  around  40  Hertz  was  also  noted. 
It  is  assumed  that  that  came  from  the  higher 
laternal  stiffness  of  the  flexures  as  reported 
in  Ref .  [ 1 ] . 

The  same  linkage  was  then  modified  with 
extra  washers  added  on  the  platforms  and  shake 
tested  again.  In  several  cases,  the  linkage  was 
made  unsymmetrical  but  statically  balanced. 
Except  for  different  peak  values  and  a  slight 
shift  in  resonant  frequencies,  the  frequency 
responses  basically  remained  unchanged  qual¬ 
itatively  and  hence  are  not  reported  here. 

The  symmetrical  linkage  without  the  add-on 
washers  was  next  tested  on  a  rate  table  (Model 
823,  Inland  Controls,  Inc.).  'Frequency  response 
data  of  angular  displacement  ratio,  8/9,  is 
presented  in  Fig.  6.  The  dashed  line  Included 
in  the  figure  is  the  asymptote  of  the  dampless 
second-order  term  derived  in  the  appendix  (see 
Eq.  (A19)).  The  resonant  frequency  at  around 
3.1  Hertz  is  clearly  seen.  Deviation  between 
the  experimental  data  and  the  asymptotic  re¬ 
sponse  for  frequencies  above  10  Hertz  is  to  be 
assumed  caused  by  the  lateral  motion  of  the 
linkage. 


APPLICATIONS 

The  unique  features  of  the  linkage  can  be 
and  have  been  utilized  in  various  applications. 
Two  simple  applications  are  given  below: 

(1)  A  source  for  generating  rectilinear 
vibration  signals,  and 

(2)  A  standard  for  calibrating  damping 
coefficients  of  viscous  fluids. 

Transducers  can  also  be  designed  using  the 
linkage  as  a  force  and/or  motion  sensing  ele¬ 
ment.  Two  applications  are  given  below: 

(1)  A  skin  friction  force  balance.-  In  this 
application,  a  linear  force  motor  is  mounted  on 
the  lower  platform  which  exerts  a  restoring 
force  to  null  the  skin  friction  force  applied 
tangentially  to  the  surface  of  the  upper  plat¬ 
form  over  which  air  flows.  The  applied  skin 
friction  force  is  measured  by  sensing  the  amount 
of  current  threugh  the  motor  coil  necessary  to 
achieve  null  positions.  The  special  vibration 
isolation  characteristics  of  the  linkage  also 
make  the  balance  ideal  for  flight  testing. 

(2)  An  angular  accelerometer.-  The  skin 
friction  force  balance  can  be  used  as  an  angular 
accelerometer  for  measuring  rotational  ground 
excitation.  As  a  special  case  of  this 
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application,  the  device  can  be  considered  as  a 
tilt  meter# 


v„  is  the  absolute  velocity  of  the  center  of 
mass  of  the  platform# 


CONCLUSIONS 


Note  that 


It  has  been  found  chat  the  oscillating 
linkage  described  can  be  conveniently  designed 
and  constructed  using  flexural  pivots.  The 
equation  of  motion  of  the  system  was  derived  and 
verified  experimentally.  The  system  was  shown 
to  possess  negligible  damping  and  vibration  iso¬ 
lation  capability.  Unique  characteristics  of 
Che  system  vere  discussed  for  transducer 
designs. 
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Because  of  system  symmetry,  Che  potential  energy 
gained  by  one  platform  always  cancels  out  the 
potential  energy  lost  by  the  opposing  platform 
when  the  system  is  in  motion.  The  potential 
energy  change  of  the  coupler  links  is  also  zero 
since  its  center  of  mass  is  fixed.  Therefore, 
energy  stored  in  the  flexures  is  the  only  form 
of  potential  energy  possessed  by  the  system  and 
this  can  be  expressed  as 


•(?\  *) 


The  Lagranglan  of  the  system  is  therefore 


Sf  =  T  -  V 

-|(jm  +  M)(t  of  ~  3Kt  62  (A5) 


APPENDIX 

DERIVATION  OF  THE  EQUATION  OF  MOTION  OF  THE 
SYSTEM 

Consider  the  single-degree-of-freedom 
system  shown  in  Fig.  1.  It  consists  of  two 
identical  platforms  each  of  mass  M,  two  uniform 
coupler  links  each  of  mass  m  and  length  i, 
six  flexural  pivots  each  with  torsional 
stiffness  Kc  and  a  fixed  link. 

The  total  kicetLc  energy  of  the  system  is 


T  +  T 
c  P 


Noting  that 


52]  +  2[iMvp] 


where  Tc  and  Tp  are  the  kinetic  energies  of 
the  coupler  link  and  platform,  respectively,  I 
is  the  moment  of  inertia  of  the  coupler  link 
about  a  parallel  axis  through  its  center  of 
mass,  0  is  the  angular  displacement  of  the 
coupler  link  about  the  axis  of  rotation  and 


SS/30  -  m  +  m)  *20 


as/ 36  -  -6  K^e 

Largrange’s  equation  finally  becomes 


i{  i"  +  M) 


i  0+6  0-0 


This  ic  the  differential  equation  for  the 
system.  Since  the  equation  is  linear,  it  is  not 
restricted  by  the  small  angle  approximation 
assumption. 

The  natural  frequency  of  the  system  is 

r  6Kt  i  1/2 

“  -  T7T-- - r  (A9) 


6K 

t 

Tj 

n 

.2 

^«  +  m) 

124 


1  aiuwi  A/^vi/wnfi/vuv  ■ 


in.Jv^v^u^winiwuiiinafli  JHAman  »,-v  ww  in  m  •.-*  wn\  i/w  l-wi/w  mi 


tn  ini  l-w  k-i  un 


The  horizontal  notion  of  the  platform  can 
be  found  from  the  following  relation 

x  -  t/2  8  (A10) 

where  0  is  the  solution  of  Eq.  (A8). 

Substituting  Eq .  (A10)  into  Eq.  (A8),  the  recti¬ 
linear  notion  of  the  platform  is  found  from  the 
following  differential  equation: 

2^y  m  +  M^x  +  24  l^/i2  x  -  0  (All) 

If  a  horizontal  force  f  is  applied  on  the 
platform,  the  systea_equation  is  modified  as: 

2^y  a  +  m)  x  +  24  K  ,/t2  x  -  f  (A12) 

This  differential  equation  can  be  viewed  as 
describing  the  translational  motion  of  a  spring- 
mass  system  with  an  equivalent  mass  of 

2^-—  m  +  m)  and  an  equivalent  spring  of  stiffness 

24  \/t2.  Note  again  that  the  small  angle 

approximation  is  not  used  in  the  above 
derivation. 

In  the  following,  the  equation  of  motion  of 
the  system  subjected  to  rectilinear  ground  mo¬ 
tion  is  derived.  Assume  that  the  system  is  ex¬ 
cited  by  ground  motion  y  and  z  as  shown  in 
Pig.  t,  the  kinetic  energies  of  the  two  plat¬ 
forms  are  respectively  expressed  as 

Tp_  loatt  -{«(<;♦  l/li  .Jn  8)2  ♦  (y  -  1/18  CO.  8>2) 

V  upp«r  '  T  "l(*  *  l/2*  *,n  6>J  *<*  *  l,li  •*"  ,)J' 

The  total  kinetic  energy  of  the  two 
platforms  is  therefore  equal  to: 


equation  of  motion  were  then  derived,  it  would 
be  noticed  that  cross-coupling  would  not  exist 
among  the  three  generalized  coordinates  6,  y 
and  z.  Consequently,  Eq.  (A8),  which  was  de¬ 
veloped  for  the  system  not  subjected  to  ground 
excitation,  is  also  valid  for  the  same  system 
subjected  to  translational  ground  excitation. 
Furthermore,  since  the  system  does  not  respond 
to  tny  excitation  in  the  direction  orthogonal  to 
the  yz-plane  either,  it  can  be  concluded  that 
notion  of  the  system  is  completely  isolated  from 
rectilinear  ground  vibrations. 

As  for  an  angular  ground  motion  input  ♦, 
the  system  equation  of  motion  can  be  derived  as 

m  +  njl26  +  6  kt  »  k^  (A17) 

This  is  a  typical  undamped  second-order 
equation  subjected  to  a  motion  input  in  which 
output  0  follows  the  input  ♦  at  the  low 
frequency  end. 


TABLE  1 


EFFECT  OF  ADDED  MASS  ON  NATUkAL  FREQ'JENCT 


Added  Mass, 

Hi 

Natural  Frequency 

<*> 

to’ 

slug 

(kg) 

rad/sec 

rad/sec 

0.0 

(0.0) 

9.173 

12.34 

7.764  x  10-3 

(0.1133) 

6.359 

9.002 

0.01553 

(0.2266) 

5.152 

7.427 

0.02329 

(0.3399) 

4.436 

6.458 

Note  o>n  and  o>’n  are  the  natural  fre¬ 
quencies  of  the  system  c t  link  length  of 
9.d0  in  (0.2286  m)  and  6.00  in  (0.1524  m), 
respectively. 


T  -  T  ,  +  T 

p  p,  lower  p,  upper 

-  M[y  +  z2  +  (i0)2/4]  (A13) 


and  the  potential  energy  of  each  platform  is 


V  ,  -  V  -  M  g  z 

p,  lower  p, upper 


(A14) 


The  kinetic  energy  and  potential  energy  of 
each  coupler  link  are  respectively 


Ic-jm(y:t  z2)  +  1/24  a  (1  0)2  (A15) 

Vc  -  2  m  g  =  (A16) 

The  Lagrangian  of  the  syst-m  can  be  formu¬ 
lated  in  the  usual  way  using  energy  expressions 
shown  from  Eqs.  (A13)  through  (A16).  If  the 
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MODAL  TEST  AND  ANALYSIS 


CENTAUR  G  PRIME  MODAL  TEST 
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1.0  INTRODUCTION  Canyon,  Site  B,  Test  Facility  in  June- 

July  1985.  General  Dynasties  Corporation 
The  Centaur  G  Pri*e  is  a  25,000  kg  upper  (GDC)  conducted  the  test  under  contract 

stage  that,  prior  to  the  Challenger  to  NASA  for  the  NASA  Lewis  Research 

accident,  was  to  be  used  with  the  STS  Center.  The  Jet  Propulsion  Laboratory 

Shuttle  as  a  high  energy  interplanetary  (JPL)  was  under  contract  to  support  the 

launch  vehicle  for  Galileo,  Ulysses  and  NASA  Lewis  Research  Center  and  Structural 

Magellan.  Figure  1  shows  the  Centaur  G  Dynamics  Research  Corporation  (SDRC)  was 

Price  in  orbit  carrying  the  Galileo  under  contract  to  support  GDC. 

spacecraft  after  separation  fro®  the  STS. 

The  primary  purpose  of  the  test  was  to 

The  xodal  test  was  conducted  on  the  obtain  nodal  data  in  the  for®  of  resonant 

Centaur  vehicle,  as  a  part  of  the  series  frequencies  and  code  shapes,  in  order  to 

of  structural  tests  that  are  required  for  validate  and/or  update  the  Centaur  finite 

the  validation  of  the  vehicle  for  STS  element  codel.  This  sodel  is  used  in 

flight.  The  test  was  performed  at  the  conjunction  with  the  STS  and  Payload 

General  Dynaaics  Corporation  Sycasore  sodels  for  the  pre-flight  verification 
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attachment  into  the  STS  Cargo  Bay  and  the 
simulated  various  equipment  pachace 
masses.  Figure  2  shows  a  schematic 
representation  of  the  Cargo  Element  in 
the  test  tower  and  Fig.  3  is  a  photograph 
of  the  actual  test  setup.  The  mass 
distribution  of  the  major  components  of 
the  test  article  is  shewn  in  Table  1 . 

In  ail  cases  the  LH2  tank  was  left  empty. 
The  BOX  tank  was  run  either  full  of  water 
or  empty.  Only  the  case  of  *  e  BOX  tank 
full  of  water  is  reported  here. 


Ficure  1.  Centaur  C-  Prime 


cot Died  leads  analysis  of  the  entire 
STS/ Centaur/Pay load  systems.  As  a  STS 
requirement,  all  models  used  in  the  pre¬ 
flight  verification  analysis  must  be 
validated  by  test. 

The  actual  test  was  divided  into  two 
phases.  The  first  phase  was  the  Cargo 
Element  test  for  which  the  test  article 
comprised  the  Centaur  and  its  support 
structure  as  it  would  be  in  the  Shuttle 
Bay,  in  the  launch  configuration.  The 
objective  of  this  first  phase  vas  to 
obtain  as  mentioned  above,  data  for  the 
system  loads  analysis  at  STS  Liftoff  and 
Landing .  The  second  phase  of  the  test  was 
the  free-free  test  of  the  Centaur  alone 
without  its  support  structure  for  which 
the  primary  objective  was  to  obtain 
structural  data  for  the  flight  control 
analysis  of  the  Centaur  vehicle  in  orbit 
after  separation  from  the  STS . 

The  cargo  Element  test  was  in  turn 
divided  into  two  parts,  a  modal  test  with 
trunnions  free  to  slide,  labelled 
"unlocked*  and  a  modal  test  with 
trunnions  "locked”  to  orevent  slidinc  and 


n  the  rails.  In  add 
the  same  setup  was  also  use ' 


be  reported  here.  Details 
series  of  tests  are  reoert 
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igure  2.  Schematic  Configuration  for 
the  Cargo  Element  Test. 


2.0  TEST  ASTI Cl 


The  Cargo  Element  test  art 
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Further,  the  philosophy  presented  here  is 
that  of  not  using  the  test  inodes  for 
loads  analysis  but  instead,  it  is  that  of 
using  the  finite  element  NASTRAN  model 
that  has  been  properly  updated  after  the 
test  in  such  a  way  that  each  measured 
mode  obtained  at  the  highest  level  of 
testing  is  reasonably  matched  by  the 
corresponding  mode  of  the  NASTRAN  model. 
Any  non-linearity  shown  in  the  test  is 
equivalently  linearized,  for  high 
amplitudes,  by  the  updated  model.  In  so 
doing  the  lack  of  good  orthogonality  of 
the  measured  modes  because  of  non¬ 
linearity  is  not  a  primary  requirement 
since  these  modes  are  not  used  for  a 
loads  analysis.  The  loads  analysis 
instead,  is  done  with  a  set  of  analytical 
modes  that  are  orthogonal.  Moreover  the 
use  of  the  NASTRAN  model  also  allows  the 
detailed  calculation  of  loads  anywhere  in 
the  payload  while  the  limited  number  of 
measured  modes  would  not. 


3 . 3  Implementation 

To  implement  the  philosophy  of  testing 
under  representative  flight  conditions 
the  following  was  done: 

a)  the  Cargo  Element  was  tested  upright 
an  a  tower  creating  a  l  g  load  along  the 
longitudinal  axis  of  the  Centaur,  the  X 
axis.  This  is  the  configuration  on  the 
launching  pad.  During  launch  the  quasi¬ 
static  load  varies  from  the  1.0  g  at  rest 
to  1.6  g's  at  full  thrust  of  the  STS 
engines.  This  last  load  was  not  simulated 
but  only  the  1.0  g  was. 

b)  three  (3)  rigid  stanchions,  typically 
shown  in  Fig.  6,  were  erected  on  and  tied 
to  the  ground  floor  on  the  seismic  mass 
of  the  test  tower,  to  support  the  CSS  at 
its  forward  trunnions  (R5X,  R5Z,  R6X, 


Figure  6.  Typical  Support  Stanchion 


R6Z) ,  aft  trunnions  (R7Z ,  R8Z)  and  its 
keel  (R4Y)  (see  Fig.  4).  The  weight  of 
the  test  article  (1.0  g  loading)  was 
reacted  as  in  flight,  only  by  the  two  CSS 
forward  trunnions  in  the  vertical  direc¬ 
tion,  reactions  R5X  and  R6X  of  Fig.  4. 

c)  another  seismic  mass  of  46,000  kg  was 
floated  on  air  bags  about  10  meters  above 
the  ground  floor  near  the  Centaur  forward 
adapter  to  react  the  Centaur  forward 
trunnions  (R1Z,  R2Z)  and  forward  keel 
(R3Y) .  This  seismic  mass  is  labelled 
"upper  reaction  frame"  (see  Fig.  7).  The 
mass  of  the  upper  reaction  frame  was 
determined  analytically  before  the  test 
as  the  mass  necessary  for  a  "near" 
restraint  of  each  of  the  above  trunnions 
and  keel . 

d)  actual  flight-type  latches  and  rails, 
lubricated  as  for  flight,  were  used  to 
tie  each  trunnion  and  keel  to  the 
stanchions  or  to  the  upper  reaction 
frame. 


4.0  SHAKERS  AND  METHOD  OF  TESTING 

Three  (3)  electromechanical  shakers  of 
approximately  4500  Newtons  capability 
each  were  available  for  the  cest  (Fig. 

8).  Only  one  (1)  of  these  shakers  was 
used  at  any  one  time  to  isolate  the 
modes. 

Because  of  the  high  level  of  response 
desired  to  overcome  the  backlash  effect 
and  induce  slipping  in  the  trunnions,  the 
Sine  Dwell  method  was  retained  as  the 
primary  method  of  testing  to  measure  the 
modes.  Multiple  point  Random  excitation 
method  was  also  used  for  exploratory 
identification  of  the  modes  at  the  low 
level  of  response.  Also  a  limited  amount 
of  testing  was  done  using  the  Sine  Sweep 
method,  broad  band  as  well  as  narrow 
band,  only  the  Sine  Dwell  results  are 
reported  here. 


Figure  7.  Upper  Reaction  Frame 
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5.0  EQUIPMENT 


Figure  9  shows  a  simplified  diagram  of 
the  electromechanical  and  electronics 
setup  that  was  implemented  for  the  test. 
In  this  setup,  the  heart  of  the  system 
was  made  of: 


the  GENRAD  2515  analyzer  for  limited 
data  acquisition  and  on  site  data 
processing. 


the  SRDC  "MODAL  PLUS"  software  for 
supporting  the  GENRAD  2515, 


the  CYBER  Data  Acquisition  System 
for  large  volume  data  acquisition, 


d.  the  VAX  computer,  not  located  at  the 
test  site,  for  large  volume  post 
processing  of  the  data. 


Other  major  components  were: 


Unholtz-Dickie  Power  Amplifiers  and 
Shakers  (2)  (4450  Newtons) 


Ling  Power  Amplifier  and  MB  Shaker 
(1)  (5340  Newtons) 


Accelerometers  (131) 


Figure  8.  Electomechanical  Shaker 
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Figure  9.  Instrumentation  Block  Diagram 
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In  addition  a  variety  of  more  standard 
equipment  such  as  Oscillator, 

Co-Quad  analyzer.  Phase  meter.  Counters, 
Oscilloscopes,  Tape  Recorders, 
Oscillographs,  etc...  were  also  used  in 
support  of  the  main  components. 


6.0  TUNING  OF  A  MODE  FOR  SINE  DWELL 

6.1  Tuning  by  Scatter  Diagram 

Real  and  imaginary  components  of  the 
complex  response  of  a  structure  excited 
by  u  sinusoidal  force  have  been  used  in 
one  way  or  another  for  many  years  in 
modal  testing.  The  advent  of  Computer 
Aided  Testing  has  allowed  a  systematic 
use  of  the  complex  response  in  the 
complex  plane  as  a  tuning  aid  to  isolate 
a  mode.  This  was  reported  in  Refs.  [3,4] 
for  the  Galileo  spacecraft  modal  test  and 
also  in  Ref.  [5]. 

A  practical  use  of  the  technique  was  done 
for  the  Centaur  modal  test.  For  a  given 
shaker  location,  the  power  amplifier  was 
driven  by  a  sinewave  at  a  chosen 
frequency  f  near  the  resonant  frequency 
of  the  mode  to  be  measured.  The  time 
response  of  15  selected  accelerometers 
were  recorded  and  analyzed  in  the  GENRAD 
2515,  to  extract  the  real  and  imaginary 
parts  (FRF)  of  the  complex  response  at 
the  fundamental  driving  frequency  f. 
Displaying  on  the  CRT  (Fig.  10) ,  the 
points  which  components  are  the  real  and 
imaginary  parts  of  the  complex 
responses,  produces  a  diagram  that  in 
general,  tends  to  be  "scattered"  over  the 
whole  plane  when  the  exciting  frequency 
falls  outside  a  resonance.  Since  at 
resonance  all  the  responses  from  the 


accelerometers  are  expected  "ideally"  to 
be  all  in  phase,  the  scatter  will  tend  to 
disappear  showing  the  displayed  points 
gathering  in  a  preferential  direction,  a 
regression  line  (least  square  best  fit), 
indicating  the  correlation  of  phase 
between  the  responses  of  all  the 
accelerometers,  we  note  that  all  the 
displayed  points  would  align  on  a  single 
straight  line  only  for  a  perfectly  linear 
system  excited  perfectly  to  bring  out 
only  one  mode  eliminating  all  the  others. 

The  observation  that  the  complex 
responses  in  the  complex  plane  tend  to 
gather  in  a  preferential  direction, 
suggests  a  rather  convenient  way  to  look 
for  a  resonance.  One  systematically 
dwells  at  discrete  frequencies  and  makes 
a  diagram  of  the  complex  response  points 
for  each  dwell,  creating  a  family  of 
diagrams.  The  diagram  showing  the  minimum 
scatter  or  alternately  the  largest 
correlation,  will  indicate  a  resonance. 

As  an  additional  aid,  this  scatter  can  be 
quantified  by  computing  some  statistical 
quantity  indicative  of  the  deviation  from 
the  best  fit. 

Figure  10  shows  a  typical  scatter  diagram 
for  15  selected  accelerometers  which  was 
retained  for  a  tuned  mode  obtained  during 
the  test.  The  MIF  is  the  medal  indicator 
function  defined  below  which  is  a  way  to 
measure  the  maximum  correlation  between 
the  points.  We  have. 


MIF  =1.0 


SDM/SMM 


where 


PCrH  PhPT 


Figure  10.  Typical  Scatter  Diagram 


SDM  =  2(D(I)*M(I)) 

SMM  =  £(M(I)*M(I)} 

D(I)  =  PL  (Fig.  11)  is  the  distance 
from  the  ith  point  to  the 
best  fit  line, 

M(I)  =  OP  (Fig.  11)  is  the  vector 
magnitude  of  the  ith  point 
in  the  complex  plane. 

A  MIF  of  1.0  would  indicate  a  perfectly 
tuned  mode.  The  plotting  of  the  scatter 
diagram  and  the  MIF  calculation  were 
programmed  by  SDRC  in  the  MODAL  PLUS 
software  and  added  to  the  GENRAD  2515  for 
the  test.  MIF  values  varying  from  .83  to 
.96  were  achieved  during  the  test.  This 
method  using  the  scatter  diagram  and 
looking  for  maximum  correlation  to  tune  a 
mode  was  found  to  be  very  effective  and 
practical. 


Figure  11  shows  a  good  estimate  of  the 
physical  mode  shape  MS (I)  by  projecting 
all  the  measured  points  in  the  complex 
plane  on  the  best  fit  line  making  an 
angle  A  with  the  imaginary  axis,  Ref. (4). 
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MS (I)  =  Y(I) *COS (A)  -  X(I)*SIN(A)  (2) 


6.2  Generalized  Force  as  a  Tuning  Aid 

For  the  Centaur  modal  test,  the  calcu¬ 
lation  of  the  generalized  force,  as  a 
generalization  of  the  method  in  Ref. [4], 
was  also  added  to  the  diagram  in  an 
attempt  to  use  the  property  that,  at 
resonance,  the  generalized  force  vector 
must  be  perpendicular  to  the  best  fit 
line.  However,  this  capability  did  not 
prove  to  be  very  useful  since  it  became 
obvious  during  the  course  of  the  test 
that,  at  least,  the  local  elastic 
deformations  in  the  vicinity  of  the 
shaKer  attachment  prevented  a  good  phase 
measurement  of  the  response  at  that 
point.  The  result  of  this  poor  phase 
definition  for  the  point  of  application 
of  the  force  did  not  allow  a  precise 
calculation  of  the  generalized  force 
(force  times  acceleration),  making  the 
generalized  force  data  not  directly 
usable  except  for  the  cases  of  attachment 
of  the  shaker  on,  locally,  a  very  rigid 
part  of  the  Centaur  structure. 

6 . 3  Lamping 

The  damping  of  each  measured  mode  was 
determined  by  the  log  decrement  from  the 
decay  of  selected  accelerometers  obtained 
on  a  strip  chart  by  shutting  off  the. 
force  input.  The  modal  damping  shown  in 
Table  2  is  an  average  calculated  from 
several  accelerometer  measurements. 


7.0  PRE-TEST  ANALYSIS 

7.1  Tost  Analysis  Model  (PAM) 

A  NASTRAN  analytical  model  of  the  test 
article  was  prepared  before  the  test. 
This  model  comprised: 

a)  the  Centaur  G  Prime  Liftoff  loads 
model  (5.0)  without  fluid  in  any  of  thu 


IMAGINARY 


Figure  li.  Mode  Shape  From  Tuned  Scatter 
Diagram 


LH2  and  LOX  tanks  and  modified  to  reflect 
the  differences  between  the  flight  struc¬ 
ture  and  the  test  structure  (Ref.  [l]) 

b)  the  simulated  rigid  Galileo  and  its 
adapter 

c)  the  support  stanchions 

d)  the  upper  reaction  frame 

e)  the  fuel  model  for  the  LOX  tank  for 
the  test  condition  labelled  "full". 

Modes  were  calculated  for  an  ''empty"  and 
"full"  LOX  tank  and  with  3  kinds  of 
boundary  conditions  that  differ  from  one 
another  by  the  support  trunnion  degrees 
of  freedom  allowed  to  react  load  to  the 
rest  of  the  support,  namely: 

case  1.  CSS  forward  trunnions  R5  and  R6 
do  not  slip  (in  Y) 

case  2.  all  trunnions  slip  as  in  Fig.  4 
case  3.  all  trunnions  locked. 


Case  1,  with  the  LOX  tank  full,  was 
judged  the  closest  to  the  test  results. 

7.2  Target  Modes 

The  target  modes  are  the  modes  of 
significance  that  control  the  loads 
analysts  for  the  Centaur  and  the  Orb iter 
is  the  vicinity  (bridge  fittings)  of  the 
Orbite-*-,.  Centaur  interfaces.  These  target 
modes  v,a:.e  selected  from  the  pre-test 
analysis  done  on  the  TAM,  prior  to  the 
start  of  the  test.  The  criteria  for  this 
sele.-t.'  n  [Ref.  4)  was  the  effective  mass 
of  •  .  mode  (Appendix  A)  calculated  from 
the  p^a-test  analysis.  The  effective  mass 
of  ‘  he  payload  in  the  STS  Orbiter 
(~a  itaur/Calileo  test  article  here)  for  a 
given  mode  of  the  payload,  is  the  mass 
that  the  STS  Orbiter  will  "feel"  through 
the  trunnions  and  keels  at  the 
Centaur/Orbiter  interface.  Payload  modes 
with  large  effective  mass  will 
intuitively  influence  the  Orbiter  much 
more  than  those  with  a  small  effective 
mass.  Six  target  modes  varying  in 
frequency  from  4.76  to  16.87  Hz  were 
identified  prior  to  the  test,  they  are 
shown  with  corresponding  resonant 
frequencies  and  effective  masses  as  part 
of  Table  3  under  the  TAM  column. 


8.0  TEST  RESULTS 
8.1  Non-linearity 

All  modes  were  measured  for  at  least 
three  (3)  levels  of  excitation.  The 
target  modes  were  all  measured. 
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The  test  showed  the  existence  of  a  rather 
strong  non-linearity  of  the  resonant 
frequency  and  damping  for  most  modes  with 
respect  to  the  level  of  the  shaker  force. 
The  observed  non-linearity  is  summarized 
in  Table  2,  the  acceleration  is  that  of 
the  Galileo  simulated  payload.  The  data 
is  also  plotted  in  Fig.  12.  It  can  be 
seen  that  the  resonant  frequencies  tend 
to  become  constant  for  large  forces.  Only 
the  modes  obtained  with  the  largest  force 
of  excitation  were  retained  for 
subsequent  analyses  as  being  the  roost 
raoresentat ive  of  the  structure  in 
flight. 


Table  2.  Variation  of  Major  Resonant 
Frequencies  and  Dampings 
with  Shaker  Force 
(full,  unlocked) 


FWD  YAW 


FORCE 

(N) 

FREQ 

(HZ) 

ACC 

(G) 

DAMPIF 

547 

5.50 

_ 

.. 

885 

5.27 

- 

- 

1290 

5.08 

- 

- 

1721 

4.73 

- 

- 

2224 

4.60 

.08 

- 

3559 

4.41 

.14 

.090 

1134 

7.64 

.  ■* 

.034 

2282 

7.97 

.58 

.035 

2318 

7.87 

.79 

.035 

1112 

8.38 

_ 

.031 

2224 

8.00 

.24 

.056 

3599 

7.66 

.42 

.061 

2224 

8.42 

.16 

.028 

3336 

8.27 

.27 

.026 

4448 

8.22 

.32 

.027 

2269 

9.25 

.50 

.013 

3514 

9.19 

.66 

.016 

8.2  Measured  Modes  and  Effective  Masses 

Table  3  shows  the  correspondence  of  the 
effective  mass  (Appendix  Al)  of  each 
measured  mode  to  that  of  the  pre-test 
analysis  (TAM)  for  the  case  of  che  full 
box  tank,  retaining  only  the  modes 
obtained  with  the  largest  force  of 
excitation.  This  table  shows  that  a 
discrepancy  existed  between  the  pre-test 
model  and  test  results  as  far  as 
frequency  and  effective  mass  are 
concerned.  Table  3  also  shows  that  all 
the  modes  with  large  effective  masses 
were  measured  as  evidenced  by  the  sum  of 
the  effective  mass  of  all  measured  modes 
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Figure  12.  Variation  of  Resonant 

Frequencies  with  Shaker  Force 


with  comes  very  close  to  the  total 
physical  mass  of  the  Cargo  Element.  The 
first  :wo  rows  of  Table  3  correspond  to 
the  slosh  modes  which  were  not  attempted 
to  be  measured  or  analyzed  in  the  pre¬ 
test  model.  However,  their  effective  mass 
was  estimated.  In  the  pre-test  TAM  the 
fluid  was  assumed  to  be  frozen. 

The  discrepancy  of  the  pre-test  model  was 
subsequently  corrected  and  the  corrected 
model  (post  test  TAM)  used  to  create  the 
loads  model  for  the  pre-flight 
verification  analysis.  The  corrections 
will  not  be  discussed  here,  they  have 
been  reported  in  Refs.  [1,6].  The  loads 
model  was  derived  from  the  post  test  TAM, 
it  reflects  all  the  differences  from  the 
test  article  to  the  flight  hardware, 
including  the  proper  amount  of  fluid  in 
both  tanks,  LOX  and  M2. 

8.3  Mass  Matrix  [ra]  for  Measured  Degrees 
of  Freedom 

In  Table  3  the  mass  matrix  [m]  used  for 
the  calculation  of  the  effective  mass 
(Appendix  A)  was  assembled  from 
inspection  of  the  test  article  on  site 
and  using  the  masses  reported  in  Table  1. 
This  mass  matrix  [m]  describes  the  detail 
distribution  of  the  mass  assigned  to  each 
measured  degree  of  freedom  (110 
measurements)  on  the  Centaur  and  on  the 
CSS  (Cargo  Element),  excluding  all  the 
measurements  made  on  latches  and  upper 
reaction  frame.  This  mass  matrix  was 
judged  to  be  more  representative  of  the 
test  article  than  the  mass  matrix 
obtained  from  a  Guyan  reduction  of  the 
pre-test  NASTRAN  model  [Ref.  4).  This  is 
because  discrepancies  in  the  original 
pre-test  NASTRAN  model  are  foldeo  from 
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Table  3.  Comparison  of  Target  Modes  for  Test  and  pretest  Analysis 


MEASURED 

PRE-TEST  TAM 

FR2Q 

AXIAL 

YAW 

PITCH 

FREQ 

AXIAL 

YAK 

PITCH 

(HZ) 

(kg) 

(kg) 

(kg) 

(HZ) 

(kg) 

(kg) 

(kg) 

0 

2270 

0 

m 

, 

- 

0 

0 

2270 

- 

- 

- 

- 

4.41 

3 

16960 

20 

4.76 

0 

18667 

0 

7.66 

0 

588 

19 

7.81 

0 

964 

0 

7.87 

0 

6 

15530 

7.15 

5310 

0 

13355 

8. *>2 

21928 

1 

244 

5.85 

16882 

0 

4118 

9.19 

580 

0 

6370 

10.97 

22 

0 

2948 

20.25 

2 
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0 

16.87 

0 

1094 

0 

T<vrAL 

EFF. 

22513 

20305 

24453 

22214 

20725 

20421 

TOTAL 

PHYS. 

22996 

22996 

22996 

22996 

22996 

22996 

RATIO 

.98 

CO 

CO 

• 

1.06 

.97 

.90 

f 

00 

VO 

the  very  large  (approximately  20,000) 
original  degrees  of  freedom  to  the 
reduced  mass  matrix  needed  for  the 
measured  degrees  of  freedom  (110) .  In 
other  words  the  pre-test  NAS TRAN  reduced 
mass  matrix  contains  errors  that  would  be 
eliminated  only  when  the  original  NAS TRAN 
model  would  have  been  appropriately 
corrected  for  stiffness  to  match  the  test 
results. 

8.4  Orthogonal i ty 

Although  orthogonality  is  not  a  very  good 
criteria  for  goodness  of  the  test  when  a 
structure  shows  non-linearities  (Ref.  4] 
it  was  nevertheless  calculated  using  the 
same  matrix  [m]  in  the  equation  of 
Appendix  A  as  used  for  the  effective 
mass.  It  is  shown  in  Table  4. 

8.5  Goodness  of  Test  Data 

The  scatter  diagram  for  the  110 
accelerometer  measurements  of  a  tuned 
mode  can  be  used  to  judge  the  goodness  of 
the  measurements  by  calculating  the 
correlation  derived  from  the  least  square 
fit  of  the  data  corresponding  to  the  110 
points  of  the  scatter  diagram. 

The  least  square  calculation  for  the  best 
fit  minimizes  the  mean  square  value  SDD 
of  the  perpendicular  distance  D(I)  =  LP 
(Fig.  11)  between  all  the  points  and  the 
best  fit  line.  The  square  root  of  SDD  is 
a  statistical  measure  of  the  deviation 


from  the  best  fit  in  a  direction 
perpendicular  to  it.  It  should  be 
normalized  to  the  root  mean  square  value 
of  the  mode  shape  MS(I)  =  OL  (Fig.  11) 
i.e.  along  the  best  fit  line  calculated 
over  all  the  points  (all  the  degrees  of 
freedom  of  the  mode) .  He  will  call 
"scatter"  twice  the  normalized  deviation: 

SCTR  =  2*  VSDD/SMM  (3) 

where 

SDD  -  KD(I)  *D(I)) 

SMM  =  KMS(I)  *MS  (I)) 

The  "correlation  "is  defined  by: 

CORR  =  V  1-0  ~  SCTR*SCTR  (4) 

The  scatter  can  also  be  assessed  by  an 
angle: 

ANG  =  ASIN(SCTR)  (5) 

By  talking  twice  the  deviation  for  the 
scatter  we  can  say  that  approximately  95% 
of  the  measurements  will  have  a  phase 
angle  deviating  from  that  of  the  best  fit 
line  by  less  than  ANG. 

The  correlation  as  just  defined  above 
is  derived  from  statistical  concepts  and 
is  similar  to  the  nodal  indicator 
function  MIF  of  section  6.1.  It  could  be 
used  as  an  alternate  for  the  tuning  of  a 
mode. 
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Table  4 .  Orthogonality  of  measured  modes  9 . 0  CONCLUSION 


FREQ  1 

(HZ) 

2 

3  4 

5 

6 

7 

4.41  1.00 

.13 

.05  -.02 

-.03 

-.04 

.01 

7.66  .13 

1.00 

-.01  -.02 

.06 

.12 

-.01 

7.87  .05 

-.01 

1.00  -.05 

-.16 

.00 

-.04 

8.22  -.02 

-.02 

-.05  1.00 

.00 

.01 

.05 

9.19  -.03 

.06 

-.16  .00 

1.00 

-.01 

-.02 

20.25  -.04 

.12 

.00  .01 

-.01 

1.00 

.00 

27.88  .01 

-.01 

-.04  .05 

-.02 

.00 

1.00 

It  should  be  noted  that  MIF  was 
calculated  on  site  but  only  for  a  set  of 
15  selected  points  while  CORE  was 
calculated  as  a  postprocessing  step  but 
for  all  the  110  measured  degrees  of 
freedom.  It  is  used  here  for  an  overall 
assessment  of  the  goodness  of  the  test 
from  a  statistical  view  point.  Table  5 
shows  the  correlation  for  all  measured 
modes  for  the  case  of  the  full  LOX  tank, 
again  the  modes  are  those  obtained  with 
the  largest  force  of  excitation.  It  is 
significant  that  this  correlation  is 
totally  independent  of  any  analysis  on 
the  structure  with  respect  to  stiffness 
and  mass  distribution.  Therefore,  it  is 
truly  an  assessment  of  the  quality  of  the 
measurements  alone. 


AS  for  the  MIF,  a  correlation  of  1.0 
would  mean  that  all  the  points  fall  on  a 
straight  line  i.e.  are  in  phase 
indicating  a  perfectly  tuned  mode.  The 
value  of  the  actual  correlation  for  the 
test  results  varies  from  .853  to  .997 
indicating  a  very  acceptable  goodness  of 
the  test. 


Table  5  also  shows  the  values  of  MIF  that 
are  similar  to  those  of  the  correlation. 


8 . 6  Mode  Shapes 


Appendix  B  contains  plots  of  selected 
significant  measured  modes. 


Table  5.  Goodness  of  Test  Data 
(full  case) 


MODE 

FREQ 

(HZ) 

ANG 

(DEG) 

CORE 

MIF 

1 

4.41 

10.3 

.984 

.963 

2 

7.66 

31.4 

.853 

.895 

3 

7.87 

10.8 

.982 

.950 

4 

8.22 

4.2 

.997 

.899 

5 

9.19 

11.7 

.979 

.894 

6 

20.25 

26.3 

.897 

.828 

7 

27.88 

13.5 

.972 

.929 

The  Centaur  G  Prime  modal  test  resulted 
in  sets  of  modes  (frequencies,  mode 
shapes  and  damping)  with  an  accuracy 
similar  to  or  better  than  that  normally 
obtained  from  the  modal  testing  of  linear 
structures  with  no  backlash  and  small 
damping.  In  other  words,  performing  the 
test  at  high  level  greatly  minimized  the 
backlash  effect  and  provided  a  valid, 
simple  linearization  of  the  trunnion 
friction  problem  for  the  centaur  in  the 
Shuttle  Cargo  Bay.  All  the  most  important 
modes  (target  modes)  were  measured  and 
provided  the  data  base  for  updating  the 
finite  element  model  for  the  pre-flight 
verification  loads  analysis. 
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APPENDIX  A  -  MATHEMATICAL  DEFINITIONS 

Al.  EFFECTIVE  MASS 


[MEFFn]  =  <MREn}<MERn> 

where  <MERn>  is  the  transpose  of  {MREn}. 

Only  the  three  translation  degrees  of 
freedom  of  the  effective  mass  have  been 
retained  here. 


Call: 

d  the  number  of  measured 
degrees  of  freedom 
(d  =  110) 

[m]  the  mass  matrix  (diagonal) 
(110  x  110) 

(PHIEn)  the  nth  elastic  mode  shape 
(1  x  110) 

[PHIR]  the  6  rigid  body  modes 
(6  x  110) . 

The  rigid  elastic  coupling  column 
(size  6)  for  the  nth  mode  is 

(MREn)  =  [PHIR] [m] (PHIEn) 


A2.  ORTHOGONALITY 

Call  [PHIE]  the  matrix  for  all  the 
measured  modes  (PHIEn),  n  =  1, _ 7, 

[PHIE]  =  [ PHIE1 , PHIE2 , . . .  ,PHIE7] 

the  orthogonality  matrix  is 

[ORTH]  =  [PHIE] [m] [PHIE]T 

where  the  superscript  T  means  transpose. 


APPENDIX  B  -  SELECTED  MEASURED  MODE  SHAPES 


Figure  Bl.  FWD  YAW/ROLL  Mode  at  4.41  Hz 
143 


■Vi 


'vrK  ~ >■  r*1 


